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Abstract
The following thesis is concerned with deformation theory over a perfect field of char-
acteristic p > 0. We investigate mod p2 and characteristic 0 liftability of schemes and
their Frobenius morphism. In particular, we give an explicit construction of a mod
p2 deformation of a scheme admitting a splitting of the Frobenius morphism. We also
provide a few novel examples of schemes which lift neither mod p2 nor to characteris-
tic 0, but avoid other pathologies of characteristic p geometry. Our constructions are
based on interesting line configurations in characteristic p, and rigidity properties of the
Frobenius morphism of homogeneous spaces non-isomorphic to the projective space.
Moreover, we study deformations of the Frobenius morphism of singular schemes.
We present an explicit criterion for existence of such deformations in case of hypersur-
face singularities and apply it to canonical singularities of surfaces and ordinary double
points in any dimension (answering a question of Bhatt). We also address Frobenius
liftability of quotient singularities. In the course of our considerations, we formalise
functoriality properties of obstructions classes for lifting schemes and their morphisms.
We extensively use the abstract theory of the cotangent complex.
We also provide Macaulay2 scripts for checking mod p2 and Frobenius liftability.
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Chapter 1
Introduction
Since the introduction of schemes into the realm of algebraic geometry, varieties de-
fined over fields of positive characteristic p have been source of both trouble and un-
expected new possibilities. On the one hand, it is a peculiar property of characteristic
p schemes that standard tools like Kodaira vanishing (see [Ray78]) or Hodge decom-
position (see [Mum61]) do not necessarily work, and therefore some arguments need to
be replaced with a lot of additional work (see, e.g., Enriques’ classification of surfaces
in [Mum69, BM77, BM76]). On the other hand, every scheme defined over Fp comes
equipped with additional structure of the Frobenius morphism, which can often facili-
tate otherwise difficult proofs. A remarkable example of this phenomenon is the bend
and break technique of Mori (see [Mor79]), which led to the proof of the Hartshorne’s
conjecture.
The main theme of this dissertation is the mixed characteristic deformation theory,
which provides a way for characteristic p and characteristic zero algebraic geometry to
work in synergy. The key technical methods considered in the field are the procedures
of reduction mod p and mixed characteristic lifting. In this introduction we sketch the
basic ideas without any technical details.
1.1 Reduction mod p and characteristic 0 liftability
Let K be a field of characteristic zero. The procedure of reduction mod p of a given
variety X/K consists of the following steps. First, we see that since X is of finite type
it is locally defined by finitely many equations with coefficients ai ∈ K. Then we take a
scheme X (called a spreading out) defined by the same equations as X but considered
over a finitely generated ring R = Z[a1, . . . , an] ⊂ K. Now, we observe that the scheme
X/R satisfies the following two properties:
a) it is a model of X, that is, the inclusion η : R→ K induces an isomorphism XK ' X,
b) for every maximal ideal p of R the fibre Xp = X ×R kp is defined over a finite field
kp.
Over a dense open of subset of Spec(R), the scheme X is flat, and therefore the fibres
Xp reflect the properties of X. We call such fibres reductions mod p of X.
Informally, the mixed characteristic lifting of a scheme Y defined over a field of
characteristic p is just the inverse procedure. For simplicity let us assume that Y ⊂ PNk
is projective. First, we see that for any field k of characteristic p there exists a ring
S of characteristic zero and a maximal ideal m such that S/m ' k. Then we lift the
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homogeneous equations cof Y from k to S and consider the resulting scheme Y/S ⊂ PNS ,
called a lifting, whose special fibre satisfies Ym ' Y . However, this time we encounter
a certain important caveat. In contrast to the previous situation, there is no simple
way to guarantee that the family Y/S is flat, and therefore it is not clear how to relate
the properties of Y and the generic fibre of Y. In fact, in [Ser61], Serre provides a
surprising example (cf. §5.4.1) of a variety defined over a characteristic p field such that
no characteristic zero lifting as described above satisfies the flatness requirement.
To emphasize the importance of flatness we present the following example. Let Y be
a smooth surface of general type defined over a field k of characteristic p. Suppose that
there exists a flat family Y/S whose special fibre satisfies Ym ' Y . Then the generic
fibre Yη is a characteristic zero smooth projective surface of general-type. Therefore it
satisfies the so-called Bogomolov-Miyaoka-Yau inequality
c1(Yη)2 ≤ 3c2(Yη). (1.1)
Using invariance of intersection numbers under flat deformations, we see that the Chern
numbers of the special fibre satisfy the same inequality:
c1(Y)2 ≤ 3c2(Y).
In contrast, in [Eas08] one can find a characteristic p counterexample for the inequality
which arises from interesting purely characteristic p line arrangements.
1.2 Liftability mod p2
It turns our that for many purposes, one does not need to lift a given variety all the
way to characteristic zero, and it suffices to have a lifting modulo p2. For example,
Deligne and Illusie (see [DI87]) showed that for a smooth variety X over a perfect field
k of characteristic p > dimX admitting a lifting over the ring W2(k) of Witt vectors
of length 2, the Hodge–de Rham spectral sequence degenerates (cf. §5.2.1), and the
Kodaira vanishing theorem holds. Moreover, under the assumption of mod p2 liftability,
Ogus and Vologodsky (see [OV07]) established the so-called non-abelian Hodge theory,
which provides an equivalence between certain categories of decorated vector bundles.
Using this result, Langer (see [Lan15]) showed that inequality (1.1) holds for surfaces
liftable to W2(k) (as long as p > 2). Counterexamples to Kodaira vanishing in positive
characteristic given by Raynaud (see [Ray78]) provide examples of varieties which do
not lift to W2(k). Subsequently, a rational example is given by Lauritzen and Rao (see
[LR97]). Another interesting non-liftable varieties appear in the works of Hirokado,
Schroo¨er and Cynk–van Straten [Hir99, Sch04, CvS09]. Those are in fact Calabi–Yau,
and thus provide counterexamples to the Bogomolov-Tian-Todorov unobstructedness
theorem in characteristic p (in fact, only for p ≤ 3).
Apart from global mod p2 liftability, the crucial part of the arguments given in the
above mentioned papers is existence of a local lifting of the Frobenius morphism (cf.
§5.3.1). For a scheme X together with a W2(k)-lifting X , a local Frobenius lifting is
determined by an open subset U ⊂ X and an endomorphism F ′ : U → U of the induced
deformation U restricting to the Frobenius morphism on U ⊂ U . In the case of smooth
schemes such local liftings always exist because any smooth mod p2 deformation is e´tale
locally isomorphic with the affine space. On the contrary, singular schemes do not
necessarily lift over W2(k), and those that do, might not admit a compatible lifting of
the Frobenius morphism. The importance of local Frobenius liftability is the singular
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case was realized in [Bha12, Bha14], where the author generalizes the results of [DI87]
and exhibits close relation between local Frobenius liftability and finite-generation of
crystalline cohomology of proper singular varieties (see §5.3.2 for the precise statements).
The question of existence of Frobenius lifting was also investigated in the global setting.
In [BTLM97] it is showed that a smooth projective variety admitting a global Frobenius
lifting satisfies certain strong form of the Kodaira-Akizuki-Nakano vanishing theorem,
called Bott vanishing (cf. §5.3.1). This in turn leads to a proof of the fact that certain
homogeneous spaces do not lift mod p2 compatibly with the Frobenius morphism.
1.3 Our results
The above considerations suggest the following two basic questions:
Question 1 What are the necessary conditions for a scheme to possess a mod p2 or
characteristic zero lifting?
Question 2 For a given scheme, does there exist a mod p2 lifting together with a
compatible lifting of the Frobenius morphism?
General answers to the questions were given in [Ill71, MS87, Jos07] and stated that
above problems can be expressed in a purely cohomological manner. Moreover, in [LS14]
the authors investigated the first question in the setting of birational geometry. Our
contribution to answering the above questions is the following.
1.3.1 Results concerning mod p2 and characteristic zero deformations
As far as the first question is concerned, in §6.2 we provide a couple of new examples
of varieties which do not admit lifts neither mod p2, nor to characteristic zero (some of
them do not even lift to any ring A with pA 6= 0). However it turns out that they avoid
standard characteristic p pathologies. The first construction is given by the blow-up of
the two-fold self product of a suitable projective homogeneous space 6= Pn along the
graph of its Frobenius morphism. The easiest examples of such homogeneous spaces
are the three-dimensional complete flag variety SL3 /B (isomorphic to the incidence
variety {x0y0 + x1y1 + x2y2 = 0} ⊂ P2 × P2) and the four-dimensional smooth quadric
hypersurface Q = {x20 + x1x2 + x3x4 = 0} ⊂ P5 (isomorphic to the Grassmannian
G(2, 4) via the Plu¨cker embedding). So the smallest non-liftable examples given by the
above construction are of dimension six and eight, with Picard numbers five and three,
respectively. The second construction is the variety obtained from P3 by blowing up
all Fp-rational points, and then blowing up the strict transforms of all lines connecting
Fp-rational points.
Moreover, in §6.3 we give an alternative proof of the fact that every Frobenius split
(cf. §4.4) scheme is W2(k)-liftable. The advantage of our approach is that we provide
the lifting explicitly and functorially with respect to a splitting ϕ : F∗OX → OX , in fact
as a certain subscheme of the Witt scheme (X,W2(OX)).
Finally, in §6.4 we investigate how the property of mod p2 liftability behaves in
families. More precisely, we show, that under mild assumptions suitable for deformation-
theoretic considerations (satisfied if e.g. the family is proper or affine), the locus of Witt
vector liftable fibres is constructible (see Theorem 6.4.5 for the precise statement).
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1.3.2 Results concerning liftability of the Frobenius morphism
Concerning the second question, in §7.1 we provide the obstruction theory of the Frobe-
nius morphism in case of singular schemes. Then in §7.2 we express the obstruction
classes for lifting Frobenius morphism in an explicit way and derive a computationally
feasible criterion for Frobenius liftability of complete intersection affine schemes. Con-
sequently, we apply this criterion in the case of ordinary double points (see §7.3), and
thus answer the question asked by Bhatt in [Bha14, Remark 3.14]. As another applica-
tion of our criterion, in §7.4 we prove that canonical surface singularities are Frobenius
liftable. Finally, in §7.5 we present a general approach for proving Frobenius liftability
of tame reductions of quotient singularities. The method is based on the spreading out
technique combined with functoriality of obstruction classes for lifting morphisms. As
a consequence, using classification of tame quotient singularities of surfaces given in
[LS14, Proposition 4.2], we give another treatment of Frobenius liftability of canonical
singularities of surfaces.
1.3.3 Relation with F -singularities
In the context of the second question, we also relate the notion of Frobenius liftability
with standard singularity types defined in characteristic p. In [Kun69] Kunz proved
that a scheme X defined in characteristic p is regular if and only if its Frobenius mor-
phism F : X → X is flat. This result paved the way for more complex applications
of Frobenius in classifications of singularities. Different properties of F , expressed in
terms of simple properties of ring morphisms or ocal dualising complexes, served as
motivation for introducing such classes as F -pure, F -split and F -rational singularities
(cf. §4.5), which have drawn serious attention of researchers in the previous years (see,
e.g., [Smi97, Sch09, Tuc12, ZKT14]).
In §7.6 we present a detailed comparison of the above singularity types and F -liftable
singularities. Our results can be summarized by the following diagram which describes
all potential relations between the classical F -singularities and the notion considered in
this thesis.
F -liftable F -regular F -rational
F -pure W2(k)-liftable.
\Ex. 7.6.3
\Ex. 7.6.3
yes : normal k-algebra - Thm 7.6.1
no : non–normal - Ex. 7.6.2
\
Thm 7.3.1 \
Ex. 7.6.4\Thm 7.3.1
Thm 6.3.5
The strike-through arrows indicate the existence of counterexamples to the corre-
sponding implications. Moreover, the implication F -liftable ⇒ F -pure holds under
special assumptions described in the comments below the corresponding arrow.
1.3.4 Additional results concerning deformation theory
As a byproduct of our considerations, in §3.4 we provide a detailed description of func-
toriality properties of obstruction classes for lifting schemes and their morphisms. To
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the best of our knowledge, this results have not been known, or at least do not appear
in any of standard references.
1.4 Notation and basic definitions
In this section we introduce the notation and basic definitions concerning Frobenius
morphism and deformation theory.
Throughout this thesis we adopt the following conventions. Unless otherwise stated,
by k we denote a perfect field of characteristic p > 0. All schemes we consider are
locally noetherian, quasi-compact and quasi-separated. For every scheme S over k, by
FS : S → S (or F : S → S) we denote the absolute Frobenius morphism of S defined as
identity on the level of topological space and by the assignment f 7→ fp on the level of
structure sheaves. If X is an S-scheme, by X(1/S) (or by X(1) if no confusion can arise)
we denote the fibre product X ×S,FS S. This induces the relative Frobenius morphism
FX/S : X → X(1/S), and the base change morphism WX/S : X(1/S) → X described by
the diagram
X
FX
&&FX/S //
f
''
X(1/S)
f (S)

WX/S // X
f

S
FS // S.
Let X → S be a morphism of schemes and, let S → S′ a closed immersion.
Definition 1.4.1. An S˜-lifting of X/S is a flat morphism X˜ → S˜ together with an
S-isomorphism X˜ ×S˜ S ' X.
We say that X/S admits an S˜-lifting or is S˜-liftable if there exists a lifting X˜/S˜ as
defined above. In particular, we say that X/k lifts to W2(k), or is W2(k)-liftable, or lifts
mod p2 if it admits a lifting X/ SpecW2(k).
Definition 1.4.2. We say that a scheme X/k lifts compatibly with Frobenius or is
Frobenius liftable (abbr. F -liftable) if there exists a W2(k)-lifting X˜ of X together with
a morphism F˜ : X˜ → X˜ over the Frobenius of W2(k) which restricts to FX : X → X,
that is, such that the following diagram is commutative:
X
FX //
i
ww

X
i
ww

X˜
F˜ //

X˜

Spec(k)
ww
Fk // Spec(k)
ww
Spec(W2(k))
σ2 // Spec(W2(k)),
where σ2 : W2(k)→W2(k) is the Witt vector Frobenius (cf. §2.1.1).
Remark 1.4.3. Alternatively, for a perfect field k, we can reformulate the above definition
in terms of the relative Frobenius morphism FX/k : X → X(1) and its lifting F˜X/k : X˜ →
X˜ ×W2(k),σ W2(k) over W2(k).
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1.4.1 Notation
1. Let Λ be a complete local ring with residue field k. By ArtΛ(k) we denote the
category of Artinian Λ-algebras with residue field k.
2. Let X be a scheme. Throughout by D(OX) we denote the derived category of
OX -modules and by DQCoh(X) we denote the subcategory of D(OX) consisting
of complexes of quasi-coherent sheaves. We add + (resp. −) in the superscript in
order to indicate that we consider the category of bounded below (resp. above)
complexes. Moreover, by D±Coh(X) we denote the full subcategory of D
±
QCoh(X)
consisting of complexes whose cohomology sheaves are coherent. Under our as-
sumptions, one can prove that any object inD−Coh(X) is quasi-isomorphic to a com-
plex of coherent sheaves (see [Huy06, Proposition 3.5]). For every two complexes
E• and F• in D(OX) we identify the groups HomD(OX)(E•,F•[i]) and ExtiOX (E•,F•).
It is always clear from the context where the complexes are defined and there we
usually suppress the subscript indicating the OX -linearity condition.
1.5 Structure of the thesis
The thesis is divided into seven chapters including the introduction given in §1. In
§2 we present some preliminary results concerning commutative algebra and geometry.
Next, in §3 we give a detailed introduction to deformation theory. Subsequent chapters
§4 and §5 contain standard tools in characteristic p geometry and classical examples
in mixed characteristic deformation theory. In §6 we give our results concerning mod
p2 deformations. Finally, in §7 we present our considerations about liftability of the
Frobenius morphism.
1.6 Additional remarks
The thesis is an extended version of author’s papers: “Liftability of singularities and
their Frobenius morphism modulo p2” [Zda16] and “Some elementary examples of non-
liftable schemes” [AZ16] (with Piotr Achinger).
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Chapter 2
Preliminaries in algebra and
geometry
In this chapter we present some preliminary results concerning commutative algebra, ho-
mological algebra and geometry. First, in §2.1 we treat the basics of non-equicharacteristic
commutative algebra. Then, in §2.2 we recall a few necessary definitions concerning
morphisms schemes. Next, in §2.3 we give a brief introduction to derived categories of
unbounded complex. Finally, in §2.4 and §2.5 we present the concept of local cohomology
and give an exemplary computation for cones over projective schemes.
2.1 Commutative algebra
We begin with a review of basic facts concerning mixed characteristic commutative
algebra. First, we give with a brief introduction to Witt vectors of length 2. Next,
we recall the local criterion of flatness and derive a few corollaries useful in our future
considerations.
2.1.1 Witt vectors
We shall need the following explicit description of Witt vectors of length 2.
Definition 2.1.1 (Witt vectors W2(A)). Suppose A is a commutative ring. We define
the ring of Witt vectors W2(A) to be the set A × A equipped with addition +W and
multiplication ·W given by the following formulas:
(a0, a1) +W (b0, b1) = (a0 + b0, a1 + b1 − P (a0, b0)) (2.1)
(a0, a1) ·W (b0, b1) = (a0b0, ap0b1 + bp0a1 + pa1b1), (2.2)
where P (a, b) is the polynomial (a+b)
p−ap−bp
p ∈ Z[a, b].
The unit element of W2(A) is represented by (1, 0) and, in case of Fp-rings, the
prime number p is represented by (0, 1). The natural projection (a0, a1) 7→ a0 gives
a ring homomorphism pi : W2(A) → A. In case of characteristic p ring A, the ring
W2(A) possesses a Frobenius endomorphism σ2 : W2(A)→W2(A) given by the formula
(a0, a1) 7→ (ap0, ap1), which is compatible with the Frobenius endomorphism F : A → A,
i.e., the identity F ◦ pi = pi ◦ σ2 holds.
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2.1.2 Morphism of Artinian rings
Definition 2.1.2. Any surjective morphism in ArtΛ(k) can be decomposed into a
sequence of small extensions, i.e., ring surjections (B,mB) −→ (A,mA) with kernel I
satisfying mBI = 0. Small extensions naturally form a category SmallExt(Λ, k) whose
objects are small extensions and morphisms are diagrams:
0 // I //
φ

B //
f2

A //
f1

0
0 // I ′ // B′ // A′ // 0,
where f1, f2 are rings homomorphisms and φ is an induced homomorphism of k-vector
spaces.
2.1.3 Flatness criteria
We recall basic facts concerning flatness of modules and algebras. Our presentation is
based on [Har10, Section 2].
Lemma 2.1.3 ([Har10, Lemma 2.1]). Suppose M is a module over a noetherian ring A.
Then M is A-flat if and only if for every prime ideal p ⊂ A we have Tor1(M,A/p) = 0.
As a corollary one obtain the following useful result:
Proposition 2.1.4 ([Har10, Proposition 2.2]). Let A′ → A be a surjective homomor-
phism of noetherian rings whose kernel J has square zero. Then an A′-module M ′ is
flat over A′ if and only if:
1. M = M ′ ⊗A′ A is flat over A, and
2. the natural map M ′ ⊗A′ J 'M ⊗A J →M is injective.
Lemma 2.1.5. Suppose (A′,mA′) → (A,mA) is a surjective morphism in ArtW (k)(k)
and S′ is a flat A′-algebra. Then any element f ′ ∈ S′ is a non-zero divisor if and only
if its reduction f ∈ S = S′ ⊗A′ A is. Moreover, if f ′ is a non-zero divisor then S′/(f ′)
is A′-flat.
Proof. We begin by proving that if f ′ ∈ S′ is a non-zero divisor then its reduction
f ∈ S′/mA′S′ is and that S′/(f ′) is A′-flat. For this purpose, by we first take a minimal
integer n > 0 such that mn+1A′ = 0 and a non-zero element a ∈ mnA′ generating a
submodule (a) of A′ isomorphic to A′/mA′ . By the A′-flatness of S′ we obtain a diagram
0 // S′ ⊗A′ (a) ' S′/mA′S′ // S′ // S′/(a) // // 0
0 // S′ ⊗A′ (a) ' S′/mA′S′ //
f ·
OO
S′ //
f ′·
OO
S′/(a) // //
[f ]·
OO
0
K 
 //
OO
0
OO
which implies that f is a non-zero divisor. Using the resolution of S′/(f ′) induced by
multiplication by f ′ we see that Tor1(S′/(f), A′/mA′) ' K = 0 and therefore S′/(f ′) is
A′-flat by Lemma 2.1.3.
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We are now ready for the proof of the proposition. Analogously as above we ob-
serve that any surjection A′ → A in ArtW (k)(k) can be decomposed as a sequence of
surjections satisfying additional condition: the kernel I of A′ → A is annihilated by
mA′ , that is, it is a finite dimensional A
′/mA′ vector space. By twisting the sequences
0 −→ S′ −→ S′ −→ S′/(f ′) −→ 0 and 0 −→ I −→ A′ −→ A′/I = A −→ 0 together we
obtain a diagram
S′/(mA′ , f)S′ ⊗k I // S′/(f ′) // S/(f)
0 // S′/mA′S′ ⊗k I //
OO
S′ //
OO
S ////
OO
0
0 // S′/mA′S′ ⊗k I //
f ·idI
OO
S′ //
f ′·
OO
S ////
f ·
OO
0
KA′/mA′
  //
OO
KA′
OO
// KA.
OO
Now if f ′ is a non-zero divisor then KA′ = 0 which implies, by the first part of the proof,
that S′/f ′ is A′-flat, and hence the upper row of the diagram is exact. By the snake
lemma this gives a short exact sequence 0 −→ KA′/mA′ −→ KA′ −→ KA −→ 0. This
implies that KA = 0 and therefore f is a non-zero divisor in S. Conversely, if f is a
non-zero divisor then KA = 0 then KA′/mA′ ' KA/mA = 0 and therefore KA′ = 0.
Before proceeding, we introduce the following
Definition 2.1.6. Let M be a module over a noetherian ring S. We say that f1, . . . , fn
is a regular sequence for M if (f1, . . . , fn)M 6= M and fi+1 is not a zero-divisor for
M/(f1, . . . , fi)M , for 0 ≤ i ≤ n− 1.
As a simple corollary we obtain:
Corollary 2.1.7. Let (A′,mA′)→ (A,mA) be a surjection in ArtW (k)(k) and let S′ be
an A′-flat algebra. Then the elements f ′1, . . . , f ′k ∈ S for k ≥ 1 form a regular sequence
in S′ if and only if the reductions f1, . . . , fk form a regular sequence in S = S′ ⊗A′ A.
Proof. The proof follows from Lemma 2.1.5 by induction with respect to the parameter
k.
Moreover, we have:
Lemma 2.1.8. Let (A′,mA′) → (A,mA) be a surjection in ArtW (k)(k) and let I =
(f1, . . . , fm) be an ideal in A[x1, . . . , xn]. Every A
′-flat lifting of A[x1, . . . , xn]/I is given
by A′[x1, . . . , xn]/I ′, where I ′ is generated a sequence of lifts of {fi}. Conversely, if
(f1, . . . , fm) is a regular sequence then for every ideal I
′ generated by the sequence of
lifts of {fi} the ring A′[x1, . . . , xn]/I ′ is an A′-lifting.
Proof. We first observe that using similar arguments as in Lemma 2.1.5 we can prove
that a homomorphism M ′ → N ′ with N ′ being A′-flat is surjective if and only if its
reduction M ′ ⊗A′ A → N ′ ⊗A′ A is surjective. Now we take an A′-flat lifting B′ of
A[x1, . . . , xn]/I and lift the surjection piA : A[x1, . . . , xn]→ A[x1, . . . , xn]/I to a mapping
piA′ : A
′[x1, . . . , xn] → B′. By the above observation we see that piA′ is surjective and
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therefore B′ is generated as an A′-algebra by n elements lifting xi ∈ A[x1, . . . , xn]/I.
To prove that the kernel I ′ = Ker(A′[x1, . . . , xn] → B′) is generated by the liftings of
the generators fi, we apply the above observation again for the inclusion (f
′
1, . . . , f
′
m)→
I ′ where f ′i ∈ I ′, for 1 ≤ i ≤ m, are liftings of fi ∈ I (I ′ is A′-flat, since B′ is).
This finishes the proof of the first part of the lemma. For the second part, we apply
Corollary 2.1.7.
In the special case of A = W2(k) we obtain the following results.
Corollary 2.1.9. A W2(k)-module M is flat if and only if the annihilator AnnM (p) =
{m ∈ M : pm = 0} of p in M is equal to pM , i.e., the natural mapping M/pM → pM
given by [m] 7→ pm is injective.
Proof. We observe that pW2(k) 'W2(k)/p and therefore pW2(k)⊗W2(k)M is isomorphic
to M/pM . Then we use Proposition 2.1.4.
As a corollary we obtain:
Corollary 2.1.10. A ring B/W2(k) is a flat lifting of A/k if and only if B/pB ' A
and pB = AnnB(p). Moreover, for any flat lifting B/W2(k) of A the quotient B/J is a
flat lifting of A/I if and only if J is a lifting of I and (p) ∩ J = pJ .
Proof. The first part follows directly from Corollary 2.1.9. To prove the second part,
we apply the following sequence of equivalences:
AnnB/Jp = p ·B/J ⇔ (J : (p)) = (J + p)⇔ p(J : (p)) = p(J + p)⇔ (p) ∩ (J) = pJ,
(2.3)
where the middle one follows from the inclusions (J : (p)) ⊃ (p) ⊂ (J + p) and the
injectivity of the mapping B/p→ pB.
2.2 Properties of morphisms of schemes
Definition 2.2.1 (Regular closed immersion). We say that a morphism Z → X is a
regular closed immersion if it is a closed immersion such that the corresponding ideal
sheaf is affine locally defined by a regular sequence.
Definition 2.2.2 (lci morphism). Let S be a locally noetherian scheme. A morphism
f : X → S is a local complete intersection if affine locally there exists a factorization of
of the form:
X
i //
f   
AnS
p

S,
where p : AnS → S is the projection and i : X → AnS is a regular closed immersion.
Definition 2.2.3. We say that a morphism of schemes f : X → Y is of finite Tor
dimension if OX is a f−1OY –module of finite Tor dimension.
For any morphism f : X → Y of finite Tor dimension the structural sheaf OX is
in fact quasi-isomorphic to a bounded complex of flat f−1OY –modules (see [Sta17, Tag
08CI]).
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Remark 2.2.4. In the case of morphisms of quasi–projective schemes over a field by
[FM81, II.1.2] we know that the following morphisms are of finite Tor dimension:
a) morphism with a smooth target,
b) flat morphisms,
c) regular closed immersions.
2.3 Basics of derived categories and spectral sequences
We now proceed to some basic facts concerning derived categories. In particular, we
address the case of unbounded complex as they arise naturally in the context of defor-
mations of singularities.
Definition 2.3.1. We say that a complex E• ∈ D(OX) is perfect if there exists an affine
covering X =
⋃
i SpecAi such that E•| Spec(Ai) is quasi-isomorphic to a finite complex of
projective Ai-modules.
2.3.1 Base change for higher direct images
We now present a few results concerning derived inverse images and base change for
complexes. Our considerations concerning unboundedness are based on [Sta17, Tag
06XW] which gives a comprehensive exposition of the fundamental work [Spa88]. Due
to the lack of an adequate reference, we give a detailed proof of the following lemma.
Lemma 2.3.2. Suppose f : X → Y is a morphism of finite Tor dimension. Then, for
any F• ∈ D(OX) there exists a convergent spectral sequence:
Epq2 = L
pf∗ (Hq(F•))⇒ Lp+qf∗F•.
Proof. This is an application of the spectral sequence of a double complex. Indeed,
by [Sta17, Tag 08DE] we see that the total derived pullback Lf∗F• is given by the
totalisation of the double complex f−1F•⊗f−1OY E• where E• is a bounded f−1OY –flat
resolution of OX existing by the assumption on f . By the classical result there exist a
spectral sequence:
Epq2 = HpHq(f−1F• ⊗f−1OY E•)⇒ Hp+qTot(f−1F• ⊗f−1OY E•),
whose convergence follows from the fact that f−1F• ⊗f−1OY E• is a double complex
supported in the bounded horizontal strip {(i, j) : j ∈ {k : Ek 6= 0}}. The sheaves
Hp+qTot(f−1F• ⊗f−1OY E•) are easily identified with Lp+qf∗F•. Moreover, by the
exactness of the functor f−1 and flatness of E• (in fact, we use [Sta17, Tag 08DE]
again), we see that
HpHq(f−1F• ⊗f−1OY E•) ' Hp(f−1Hq(F•)⊗f−1OY E•) ' Lpf∗Hq(F•).
This gives the desired result.
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Lemma 2.3.3. Let f : X → S be a flat morphism of schemes, and E a complex in
DQCoh(X). Then for every cartesian diagram:
XT
fT

if // X
f

T
i // S,
the natural base change φ : Li∗Rf∗E ∼−→ RfT∗Li∗fE is an isomorphism.
Proof. For the proof we refer to [Sta17, Tag 08IB].
Lemma 2.3.4. Suppose f : X → Y is a morphism of noetherian schemes. Then,
for every F• ∈ D−Coh(Y ) there exists a natural isomorphism Lf∗RHom(F•,OY ) '
RHom(Lf∗F•,OX).
Proof. By [Sta17, Tag 08I3] we obtain a mapping:
Lf∗RHom(F•,OY )→ RHom(Lf∗F•,OX).
In order to prove that it is an isomorphism we can work locally and therefore we may
assume that F• is resolved as a complex of locally free sheaves. In this case, the result
follows from the definition of Lf∗ and the fact that RHom(−,OX) might be computed
by a locally free resolution of the first argument.
2.4 Local cohomology
In this section we recall the notion of local cohomology and present a few results neces-
sary in what follows. Our exposition is based on Grothendieck’s lectures written up by
Hartshorne (see [Har67]).
We begin with a general definition of local cohomology of a sheaf along a closed
subset of a topological space. Throughtout this section X is a topological space, Z ⊂ X
is a closed subset and j : U → X is the inclusion of the complement X \ Z.
Definition 2.4.1. Let F be a sheaf of abelian groups on X. For any open subset V ⊂ X
we define the functor ΓZ(V,−) : Sh(X) → Ab of sections on V supported along Z by
the formula:
ΓZ(V,F) def= Ker (Γ(V,F)→ Γ(V ∩ U,F)) .
The association V 7→ ΓZ(V,F) defines a sheaf of abelian groups on X, and therefore its
natural to introduce:
Definition 2.4.2. Let F be a sheaf of abelian groups on X. We define the functor
ΓZ(F) : Sh(X)→ Sh(X) of subsheaf supported on Z by the formula:
ΓZ(F) def= sheaf given by the association V 7→ ΓZ(V,F).
The above definition can also be expressed as follows. We observe that the restriction
homomorphism Γ(V,F) → Γ(V ∩ U,F) can be indentified with a mapping F(V ) →
j∗F|U (V ) induced by the natural unit homomorphism F → j∗F|U . Consequently, ΓZ(F)
is in fact a sheaf fitting into the sequence:
0 −→ ΓZ(F) −→ F −→ j∗F|U . (2.4)
The basic cohomological properties of ΓZ(V,−) and ΓZ are given in the following:
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Proposition 2.4.3. For any open subset V ⊂ X the functor ΓZ(V,−) : Sh(X) → Ab
is left exact. As a corollary, the functor ΓZ : Sh(X)→ Sh(X) is also left exact.
Proof. Let 0 −→ F −→ G −→ H −→ 0 be an exact sequence of abelian sheaves on
X. By definition of ΓZ(V,−) and the left-exactness of Γ(V,−) we have the following
diagram:
ΓZ(V,F)   i //

ΓZ(V,G) j //

ΓZ(V,H)

0 // F(U) //

G(U) //

H(U)

0 // F(V ∩ U) // G(V ∩ U) // H(V ∩ U),
with two bottom sequences exact. To prove our claim we need to show that i is injective
and that Ker(j) = Im(i). This is exactly the part of the proof of the snake lemma not
involving the connecting homomorphism. The second part follows from the application
of the result just proven for all open V ⊂ X.
As a consequence of the above, we can consider total right derived functorsRΓZ(V,−) : D(X)→
D(Ab) and RΓZ : D(X)→ D(Ab), and their associated cohomology groups.
Definition 2.4.4. Let F be an abelian sheaf or more generally an element of D(X).
We define i-th local cohomology groups of F along Z on V by the formula:
H iZ(V,F) def= RiΓZ(V,F).
Moreover, we define i-th local cohomology sheaves of F along Z by the formula:
HiZ(F) def= RiΓZ(F).
As an application of Grothendieck’s spectral sequence to the composition ΓZ(V,−) =
Γ(V,−) ◦ ΓZ , we obtain:
Proposition 2.4.5. Let V ⊂ X be an open subset and let F be an abelian sheaf on X.
Then we have the equality of derived functors RΓZ(V,−) = RΓ ◦RΓZ . Moreover, there
exists a convergent spectral sequence given by:
Eij2 = H
i(V,HjZ(F)) =⇒ H i+jZ (V,F).
Proof. To apply Grothendieck’s spectral sequence for composition of derived functors
we need to prove:
Lemma 2.4.6. Suppose F is an injective sheaf on X. Then ΓZ(F) is RΓ-acyclic.
Proof. It suffices to show that ΓZ(F) is flabby whenever F is flabby. For this purpose,
we consider two open subsets W ⊂ V and the associated commutative diagram:
ΓZ(V,F) //

ΓZ(W,F)

F(V ) //

F(W )

F(V ∩ U) // F(W ∩ U),
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with two bottom horizontal and vertical arrows surjective by flabiness of F . By the
sheaf condition, for any section s ∈ ΓZ(W,F) there exists a section s′ ∈ F(W ∪ (V ∩U))
satisfying s′|W = s and s
′
|V ∩U = 0 ∈ F(V ∩ U). By flabbiness of F the section s′ lifts to
F(V ) and consequently to ΓZ(V,F) as s′|V ∩U = 0.
2.4.1 Long exact sequence of local cohomology for an open immersion
Here, we present a useful result relating local cohomology supported in Z with coho-
mology on the complement U = X \ Z. We precede the actual result with a simple
lemma.
Lemma 2.4.7. Suppose F is a flabby sheaf on X. Then the natural mapping F → j∗F|U
is surjective.
Proof. Let V ⊂ X be an open subset. As we mentioned above, the mapping F(V ) →
j∗F|U (V ) can be identified with the restriction homomorphism F(V )→ F(V ∩U), and
is therefore surjective by flabbiness.
Theorem 2.4.8 (Long exact sequence of local cohomology). Let U ⊂ X be an open
subset and let F• by an element of D(X). Then there exists a distinguished triangle in
D(X):
RΓZ(F•) −→ F• −→ Rj∗F•|U −→ RΓZ(F•)[1].
In particular, if F is a sheaf on X, we have the following exact sequence:
0 −→ H0Z(F) −→ F −→ j∗F|U −→ H1Z(F) −→ 0,
and isomorphisms Rij∗F|U ' Hi+1Z (F), for i ≥ 1.
Proof. For the first part of the theorem, we observe that by Lemma 2.4.7 for an injective
resolution I• → F• the sequence of complexes:
0 −→ ΓZ(I•) −→ I• −→ j∗I•|U −→ 0
is exact. The total derived functor RΓZ(F•) is computed based on injective resolutions
and therefore we are done with the first part of the lemma. The second part follows
from the long exact sequence of cohomology sheaves.
As a corollary we obtain:
Corollary 2.4.9. For any open V ⊂ X there exists an exact sequence of cohomology
groups:
0 H0Z(V,F•) H0(V,F•) H0(V ∩ U,F•|V ∩U )
H1Z(V,F•) H1(V,F•) H1(V ∩ U,F•|V ∩U )
HnZ(V,F•) Hn(V,F•) Hn(V ∩ U,F•|V ∩U ).
α0
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In particular, if V is an affine scheme we have an exact sequence of OV (V )-modules:
0 −→ H0Z(V,F) −→ H0(V,F) −→ H0(V ∩ U,F) −→ H1Z(V,F) −→ 0,
and a sequence of isomorphisms H i(V ∩ U,F) ' H i+1Z (V,F), for i ≥ 1.
Proof. The proof follows from the long exact sequence of cohomology sheaves associated
with:
RΓZ(V,F•) −→ RΓ(V,F•) −→ RΓ(V,F•|U ) −→ RΓZ(V,F•)[1],
which arises from the first part of the lemma by means of the functor RΓ(V,−) (here,
we use Proposition 2.4.5).
2.4.2 Local cohomology of modules over noetherian rings
It turns out that affine locally the sheaf-theoretic notions described above can be ex-
pressed in purely algebraic fashion. Let R be a noetherian ring, let a be an ideal, and
let M be an R-module. We now describe the notions given above in the case of an affine
scheme X = Spec(R), a closed subset Z = V (a) and a quasi-coherent sheaf F = M˜ .
Our considerations naturally lead to a concept of local cohomology H ia(M) supported
in the ideal aCR which is an important tool in commutative algebra.
We begin by proving that taking local cohomology sheaves does not lead us out of
the realm of quasi-coherent sheaves.
Lemma 2.4.10. Let X be a locally noetherian scheme, Z a closed subscheme and let F
be a quasi-coherent sheaf. Then the local cohomology sheaves HiZ(F) are quasi-coherent.
Proof. Firstly, we observe that by the assumptions on X the open immersion U → X
is quasi-compact and quasi-separated, and therefore higher direct images Rij∗FU are
quasi-coherent. Then, by Corollary 2.4.9, we see that HiZ(F) are either kernels or
cokernels of maps of quasi-coherent sheaves and thus quasi-coherent.
Using Proposition 2.4.5 and the above lemma we see that HiV (a)(Spec(R), M˜) is iso-
morphic to the sheaf associated with an R-module H0(Spec(R),HiV (a)(Spec(R), M˜)) '
H iV (a)(Spec(R), M˜). The last module H
i
V (a)(Spec(R), M˜) can be expressed in algebraic
terms. For this goal, we introduce the following definition.
Definition 2.4.11. Let M be a module over a noetherian ring R, and let be a an ideal
in R. We define the functor of a-torsion sections of M by the formula Γa(M) = {m ∈
M : ∃nan+1m = 0}.
Lemma 2.4.12. The module Γa(M) is naturally isomorphic with H
0
V (a)(Spec(R), M˜).
Proof. Assume a = (f1, . . . , fm). By definition H
0
a (R,M) is the module of Spec(R)
sections of M˜ vanishing on Spec(R)\V (a). Using quasi-coherence of M˜ and the covering
Spec(R) \ V (a) = ⋃i Spec(Rfi) we see that those sections are exactly the kernel of the
natural mapping
M →
⊕
i
Mfi .
An element m ∈ M lies in the kernel if and only if there exists a sequence of integers
αi, for i = 1, . . . ,m, such that f
αi
i ·m = 0. By a simple combinatorial argument this is
equivalent to m ∈ Γa(M).
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By a straightforward argument, we see that the functor Γa is left exact and therefore
we may consider its right derived functors RiΓa. We call them local cohomology modules
supported in a and denote by H ia(M). We prove that the modules H
i
a(M) are isomorphic
to H iV (a)(Spec(R), M˜).
Theorem 2.4.13. There exists a natural isomorphism H ia(M) ' H iV (a)(Spec(R), M˜).
Proof. We apply the standard techniques of coeffacable functors (cf. Hartshorne ktoerys-
tam rozdzial). We claim that both functors M 7→ H ia(M) and M 7→ H iV (a)(Spec(R), M˜)
are universal δ-functors. For the first functor, it is clear since it is a derived functor
of Γa. For the second, we show coeffacability. For this goal, we just observe that for
any injective module I the associated sheaf I˜ is flabby and therefore higher local co-
homology sheaves supported in V (a) vanish. Consequently, to conclude we can apply
Lemma 2.4.12 and the standard properties of universal δ-functors.
It turns out that there are even more explicit, algebraic ways to compute H ia(M). Let
(f1, . . . , fn) be a generating set of an ideal a. We define the Cˇech complex of (f1, . . . , fm)
to be the complex of R-modules
Cˇ(f1, . . . , fm) : R
d0 //
⊕
1≤i≤mRfi
d1 //
⊕
1≤i<j≤mRfifj
d2 // . . .
dm−1 // Rf1···fm
with differentials defined by the association
dk((ri1,...,ik)1≤i1<...<ik≤m) =
 ∑
1≤j≤k+1
(−1)jri1,..,îj ,..,ik+1
 .
Lemma 2.4.14. There exist natural isomorphisms Γa(M) = H
0(Cˇ(f1, . . . , fm)⊗RM)
and Γa(M) = colimn∈NHomR(R/an+1,M).
Proof. It is straightforward.
Theorem 2.4.15. Let M be a module over a noetherian ring R, and let a = (f1, . . . , fm)
an ideal in R. Then there exist natural isomorphisms H ia(R,M) ' H i(Cˇ(f1, . . . , fm)⊗R
M) and H ia(R,M) ' colimn∈N ExtiR(R/an+1,M).
Proof. For the complete proof, see [Har67, Theorem 2.3]. Again, the basic idea is to use
the standard techniques of universal δ-functor and the above Lemma 2.4.14.
Example 2.4.16. Let R = k[x1, . . . , xn] be the polynomial ring and let m = (x1, . . . , xn)
be the ideal of the origin. Then Hn(R) = x−11 · · ·x−1n k[x−11 , . . . , x−1n ], where xi acts on
x−j11 x
−j2
2 · · ·x−jnn by increasing ji by one if ji < −1 and by multiplying by 0 otherwise.
As a simple corollary we have the following proposition (see [ILL+07, Proposition
7.3]).
Proposition 2.4.17. Let M be a module over a noetherian ring R, and let a be an
ideal. The local cohomology modules H ia(M) satisfy the following properties:
1) the module H0a (R,M) is isomorphic to Γa(M), and H
j
a (R,M) is a-torsion for each
j ∈ N,
2) if
√
a =
√
b then H ia(R,M) = H
i
b(R,M),
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3) an exact sequence of R-modules 0 −→M −→M ′ −→M ′′ −→ 0 induces a long exact
sequence
· · · −→ H ia(R,M) −→ H ia(R,M ′) −→ H ia(R,M ′′) −→ H i+1a (R,M) −→ · · · .
Proof. For the proof, [ILL+07, Proposition 7.3]).
2.4.3 Depth and local cohomology, Sn properties
One of the most important properties of local cohomology is expressed by the following
theorem which it with the following notion of depth, and consequently with important
concepts of Gorenstein and Cohen-Macaulay rings.
Definition 2.4.18. Let M be a module over a noetherian ring R, and let a be an ideal
such that aM 6= M . We define the depth of M with respect to a as the length of a
longest regular sequence contained in a. We denote it by deptha(M).
It turns out that deptha(M) is determined by the local cohomology H
i
a(R,M). More
precisely we have the following theorem:
Theorem 2.4.19 ([ILL+07, Theorem 9.1]). Let M be a finitely generated module over
a noetherian ring R, and let a be an ideal such that aM 6= M . Then deptha(M) =
inf{n : Hna (R,M) 6= 0}.
Definition 2.4.20. Let R be a noetherian ring and let M be a finitely generated R-
module. We say that M satisfies property Sn if for any prime ideal p ∈ Spec(R) we
have:
depthpM ≥ min(n, dimMp).
Moreover, we say that a coherent sheaf on a scheme satisfies property Sr if every of its
stalks does.
Theorem 2.4.21 (Serre’s normality criterion). A noetherian ring R is normal if and
only if R is regular in codimension 1 and satisfies property S2.
Definition 2.4.22. We say that a local ring (R,m) is Cohen-Macaulay if depthm(R) =
dim(R). Moreover, we say that a scheme X is Cohen-Macaulay if for every x ∈ X the
local ring OX,x is Cohen-Macaulay.
The property of being Cohen-Macaulay can be expressed in terms of vanishing of
local cohomology. Namely, we have
Proposition 2.4.23. A local ring (R,m) is Cohen-Macaulay if and only H im(R) = 0
for i < dimR.
Proof. We use Theorem 2.4.19.
In our considerations concerning deformations of open subsets and their Frobenius
morphism, we need the following:
Lemma 2.4.24 ([HK04, Proposition 3.3]). Let X be a scheme and satisfying property
Sr. Let Z ⊂ X be a closed subscheme such that codim(Z,X) ≥ r. Then we have
HiZ(X,OX) = 0, for i < r.
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2.5 Cones over projective schemes
Let X be a proper scheme and let L be an invertible sheaf on X. The total space TotX,L
of the line bundle associated to L is defined in terms of functor of points by the formula:
Schk 3 S 7→ {f : S → X, s ∈ H0(S, f∗L)}.
The above functor is representable by a scheme over X given by SpecX ⊕n≥0L⊗−n
equipped with a natural affine projection pX,L : TotX,L → X. The zero section ZX,L ⊂
TotX,L is a subscheme associated with the surjection⊕n≥0L⊗−n → OX and consequently
the scheme Tot∗X,L
def
= TotX,L \ZX,L is isomorphic to SpecX ⊕n∈ZL⊗n. The section ring
RX,L of L is defined by the formula:
RX,L
def
=
⊕
n≥0
H0(X,L⊗n).
The ring RX,L is naturally graded by the parameter n, and the irrelevant ideal mX,L
is given by all sections of positive powers of L. The ring of global section of the sheaf
OTot∗X,L is naturally isomorphic with RX,L and therefore we obtain a mapping Tot∗X,L →
Spec(RX,L).
Theorem 2.5.1 (Grauert’s ampleness criterion). Let X be a proper scheme over k
and let L be a line bundle on X. Then L is ample if and only if the natural mapping
Tot∗X,L → Spec(RX,L) is an open immersion onto Spec(RX,L) \ {mX,L}.
Proof. For the proof, see [Gro61, 8.9.1].
Motivated by the above theorem, we define the cone over X associated with L to be
the scheme ConeX,L
def
= Spec(RX,L). The basic properties of ConeX,L are summarized
by the following
Proposition 2.5.2. Let X be a proper scheme and let L be an ample line bundle. Then
the local cohomology H imX,L(RX,L) groups satisfy the following properties
1) H0mX,L(RX,L) = H
1
mX,L(RX,L) = 0,
2) H i+1mX,L(RX,L) =
⊕
k∈ZH
i(X,OX(k)), for i ≥ 1.
In particular, the scheme ConeX,L is normal if and only if X is, and it is Cohen-
Macaulay if and only if H i(X,OX(k)) = 0, for any i ≥ 1 and k ∈ Z.
Proof. The first part of the proof we apply long exact sequence of local cohomology
(cf. Cor. 2.4.9) to the inclusion Spec(RX,L) \ {m} ' Tot∗X,L. The rest follows from
Theorem 2.4.21 and Proposition 2.4.23.
Remark 2.5.3. In fact,for i ≥ 1 the local cohomology groups H i+1mX,L(RX,L) are naturally
Z-graded with
[H i+1mX,L(RX,L)]k = H
i(X,OX(k)), for k ∈ Z
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2.5.1 Relation to the cone over a given projective embedding
Here, we relate the above considerations with the natural construction of a cone over a
projective embedding X ⊂ Pn. Let IX be the ideal sheaf of X inside Pn. We define the
cone over the projective embedding of X ⊂ Pn, denoted in what follows by ConeX,Pn ,
as the quotient Γ+(OPn)/Γ+(IX), where Γ+(F) def=
⊕
k∈NH
0(Pn,F(k)).
Proposition 2.5.4. The cone over the embedding ConeX,Pn is isomorphic to ConeX,OX(1)
if and only if the embedding X ⊂ Pn is projectively normal.
Proof. By the long exact sequence of cohomology we see that
0 −→
⊕
k∈N
H0(Pn, IX(k)) −→
⊕
k∈N
H0(Pn,OPn (k)) −→
⊕
k∈N
H0(X,OX(k)) −→
⊕
k∈N
H1(Pn, IX(k)) −→ . . . ,
is exact and therefore there is a natural inclusion Γ+(OPn)/Γ+(IX)→ RX,OX(1), induc-
ing the normalization of ConeX,Pn , which is an isomorphism if and only if the natural
restriction map H0(Pn,OPn(k)) −→
⊕
k∈NH
0(X,OX(k)) is surjective, that is, the em-
bedding X ⊂ Pn is projectively normal.
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Chapter 3
Deformation theory
In the following chapter, we give a short overview of deformation theory problems to-
gether with a handful of tools necessary to tackle them. We present general abstract
theory and defer most of the examples and applications to subsequent chapters.
First, in §3.1 we recall the construction and basic properties of the cotangent com-
plex. Then, in §3.2, we present the most important questions of deformation theory,
such as deformation of schemes and deformation of morphisms. Moreover, we explain
how cotangent complex can be applied to address these questions. In §3.4, we give
a few technical results concerning functoriality of obstruction classes, and in §3.5 we
summarise the theory in the case of affine schemes. The penultimate §3.6 contains a
thorough description of the formalism of functors of Artin rings, which gives a natural
framework for tackling problems in deformation theory.
Finally, in §3.7, we present the first abstract results concerning deformations of the
Frobenius morphism.
3.1 The cotangent complex
Let f : X → Y be a morphism of schemes over a base scheme S. The sheaves of relative
Ka¨hler differentials give rise to an exact sequence of OX -modules
f∗ΩY/S −→ Ω1X/S −→ Ω1X/Y −→ 0 (3.1)
which is left-exact if f is smooth. The cotangent complex LX/Y ∈ D−QCoh(OX) is a
derived generalisation of the sheaf of Ka¨hler differentials that allows one to circumvent
problems with left non-exactness of the above sequence. More precisely, every morphism
f : X → Y leads to a distinguished triangle
Lf∗LY/S −→ LX/S −→ LX/Y −→ Lf∗LY/S [1],
which in turn induces a long exact sequence of cohomology extending (3.1) to the left,
since H0(LX/Y ) ' Ω1X/Y . The construction is based on techniques from simplicial
algebra introduced independently by Quillen and Andre´ (leading to so-called Andre´-
Quillen cohomology of rings) and extended to the setting of algebraic geometry by
Illusie [Ill71]. In fact, it works for every morphism A → B of rings in a topos yielding
the cotangent complex LB/A. The cotangent complex LX/Y is obtained as the particular
case LOX/f−1OY . We describe the construction in a purely algebraic setting, that is, in
the case of sheaves on a one-point site {∗}. By the standard anti-equivalence between
categories of affine schemes and rings, this is sufficient for the considerations involving
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affine schemes. The reader is referred to [Sta17, Chapter 77] for a modern treatment of
the subject.
3.1.1 Construction for affine schemes
Let A → B be a ring map. Let U : AlgA → Sets be the forgetful functor from the
category of A-algebras to the category of sets, and let F : Sets→ AlgA be the functor
of a free algebra, left-adjoint to U , defined by the formula
Sets 3 E 7→ A[E] ∈ AlgA.
Since U and F are adjoint, there exist a co-unit natural transformation evB/A : FU →
idAlgA , defined for an object B ∈ AlgA as the evaluation A[B] 3 b 7→ b ∈ B, and a
unit natural transformation ιE/A : idSets → UF , defined for an object E ∈ Sets as the
inclusion E 3 e 7→ e ∈ A[E]. For every A-algebra B, the data just described gives rise
to a simplicial A-algebra P•. On the level of objects P• is defined by the formula
Pn = (FU)
n+1(B) = A[A[. . . A[B] . . .]]︸ ︷︷ ︸
(n+ 1) times
.
The face maps δi : Pn → Pn−1 are given by the formulas δi = (FU)n−i ◦ ev(FU)i(B), i.e.,
by the evaluation on the i-th level of the compound (FU)n+1(B). Similarly, degeneracy
maps σj : Pn−1 → Pn are defined as σj = (FU)n−j ◦ ι(FU)j(B), that is, as the inclusion
on the i-th level of the compound (FU)n(B).
Each of A-algebras Pn admits a natural augmentation map ε : Pn → B induced by
the (n + 1)-fold evaluation. The cotangent complex LB/A is defined as the cochain
complex (see the Dold-Kan correspondence in [Wei94]) associated with the simplicial
B-module Ω1P•/A ⊗ε B. Similar construction, in fact with U and F substituted with
their sheafified versions, works in general for every morphism A → B of rings in a topos.
Theorem 3.1.1 ([Sta17, Tag 08T3]). The cotangent complex of a morphism of affine
schemes Spec(B)→ Spec(A) is quasi-isomorphic to the sheafification L˜B/A.
3.1.2 Properties of the cotangent complex
We now focus on the contagent complex of morphisms of schemes. The main properties
of LX/Y are given by the following theorem which summarizes the results of [Ill71].
Theorem 3.1.2. The cotangent complex of a morphism of schemes satisfies the follow-
ing properties.
(1) There exists a natural morphism LX/Y → Ω1X/Y in D(OX) inducing an isomorphism
τ≥0LX/Y ' Ω1X/Y , the morphism is an isomorphism if X → Y is smooth.
(2) If X → Y is a lci morphism (cf. Definition 2.2.2), then the complex LX/Y is a
perfect complex (cf. Definition 2.3.1) supported in degrees [−1, 0].
(3) There exists a natural morphism df : Lf∗LY/S → LX/S (called the differential of f)
which fits into a distinguished triangle
Lf∗LY/S −→ LX/S −→ LX/Y −→ Lf∗LY/S [1].
Moreover, for every pair of morphisms f : X → Y and g : Y → Z the differentials
satisfy the equality d(g ◦ f) = df ◦ Lf∗dg.
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(4) If X → Y is a morphism locally of finite type with Y locally noetherian then LX/Y ∈
D−Coh(OX).
Proof. The proofs of consecutive assertions are given in [Ill71, Chapitre II, Corollaire
1.2.4.2], [Ill71, Chapitre II, something], [Ill71, Chapitre II, Proposition 2.1.2] and [Ill71,
Chapitre II, Corollaire 2.3.7], respectively.
Remark 3.1.3. In fact, in (2) the complex LX/Y is locally quasi-isomorphic to I/I
2 →
Ω1P/A ⊗P B, where P is the polynomial algebra over A in a finite number of variables
and P → B is a surjective morphism with kernel I generated by a regular sequence (cf.
Definition 2.2.2).
The morphism LX/Y −→ Lf∗LY/S [1] is called the Kodaira–Spencer class of f . It
satisfies the following property.
Proposition 3.1.4 (Composition of Kodaira–Spencer). Let f : X → Y and g : Y → Z
be a pair of morphisms over S. Then the Kodaira–Spencer classes KX/Z/S and KY/Z/S
satisfy the relation Lf∗KY/Z/S = KX/Z/S ◦ df , where u = g ◦ f
Proof. The proof follows from the commutativity of diagram
Lu∗LZ/S ' Lf∗Lg∗LZ/S
Lf∗dg // Lf∗LY/S //
df

Lf∗LY/Z
Lf∗KY/Z/S //
df

Lu∗LZ/S [1]
Lu∗LZ/S
du // LX/S // LX/Z
KX/Z/S // Lu∗LZ/S [1]
induced by the naturality of the differential morphism (see Theorem 3.1.2 (3)).
Similar to sheaves of Ka¨hler differentials, the cotangent complex is well-behaved with
respect to base change.
Theorem 3.1.5 ([Ill71, Chapitre II, Proposition 2.2.3]). Let f : X → Z and g : Y → Z
be morphisms over a base S. Let p : X ×Z Y → X and q : X ×Z Y → Y denote the
projections. Suppose that either f or g is flat.
(1) The natural map Lp∗LX/Z → LX×ZY/Y given by the composition of dp and LX×ZY/Z →
LX×SY/Y is an isomorphism.
(2) The direct sum of maps dp and dq yields an isomorphism Lp∗LY/Z ⊕ Lq∗LX/Z '
LX×ZY/Z .
The Kodaira–Spencer class also satisfies the following additivity property.
Proposition 3.1.6 (Additivity of Kodaira–Spencer). Let f : X → Z and g : Y → Z
be morphisms of S-schemes. Let p : X ×Z Y → X and q : X ×Z Y → Y denote the
projections, u : X ×Z Y → Z the composition u = f ◦ p = g ◦ q. Then Kodaira–Spencer
class
KX×ZY /Z/S ∈ Ext1(LX×ZY/Z , Lu∗LZ/S)
equals the direct sum of pullbacks of Kodaira–Spencer classes:
KX/Z/S ∈ Ext1(LX/Z , Lf∗LZ/S) and KY/Z/S ∈ Ext1(LY/Z , Lg∗LZ/S).
Proof. Using Proposition 3.1.4, we see thatKX×ZY /Z/S◦dp = Lp∗KX/Z/S andKX×ZY /Z/S◦
dq = Lq∗KX/Z/S . Adding these equations up, we obtain KX×ZY /Z/S ◦ (dp + dq) =
Lp∗KX/Z/S + Lq∗KX/Z/S . By Theorem 3.1.5 (2), the morphism dp + dq yields an iso-
morphism Lp∗LY/Z ⊕ Lq∗LX/Z ' LX×ZY/Z and therefore the assertion is proved.
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3.2 Classical problems of deformation theory
We adopt the following convention. Let B be a sheaf of rings on a site, and let I be
an ideal sheaf. We say that I is of square zero if I2 = 0 inside B. Moreover, we say
that a closed immersion X → X˜ is a first-order thickening or is of square zero if the
ideal I of X inside X˜ is of square-zero. In this case, I admits a natural structure of an
OX -module. Throughout this chapter, S denotes a site (see [Mil80, Section 5]).
3.2.1 Extension of sheaves of algebras
Let f : X → S be a morphism of schemes, and let I be an OX -module. We define a
technical notion of an S-extension of X by I.
Definition 3.2.1 (Extensions of sheaves algebras). An S-extension of X by I is a
closed immersion X → X ′ of square-zero of schemes over a base S together with an
identification I ' Ker(OX′ → OX).
Extensions of X by I admit a natural structure of a category, denoted by ExalS(X, I),
with morphisms given by diagrams morphisms X ′1 → X ′2 compatible with the closed
immersions X → X ′1 and X → X ′2. We denote the set of isomorphism classes in
ExalS(X, I) by ExalS(X, I).
Remark 3.2.2. It turns out that extensions can be defined purely algebraically. More
precisely, there exists a one-to-one correspondence between S-extensions of X by I and
diagrams of sheaves on X of the form
0 // I // OX′ // OX // 0
f−1OS .
OO ::
From this perspective, a morphism of extensions ϕ : X ′1 → X ′2 corresponds to a homo-
morphism of f−1OX -algebras filling the diagram:
0 // I // OX′1 //
ϕ#

OX // 0
0 // I // OX′2 // OX // 0,
and therefore, by the five lemma, is an isomorphism. Consequently, ExalS(X, I) is a
groupoid.
The categories of extensions satisfy certain functoriality properties. First, for every
homomorphism of OX -modules w : I → I ′ there exists a functor
w× : ExalS(X, I)→ ExalS(X, I ′),
which associates to a given extension OX′ ∈ ExalS(X, I), an extension defined by the
push-out diagram:
0 // I //
w

OX′ //

OX // 0
0 // I ′ // w×OX′ // OX // 0,
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that is, by the formula w×OX′ def= OX′ ⊕ I ′ /I , where I ⊂ OX′ ⊕I ′ is the ideal given by
the anti-diagonal embedding:
I → OX′ ⊕ I ′, x 7→ (x,−w(x)).
Second, for every scheme morphism f : X → Y over S there exists a functor
f× : ExalS(X, I)→ ExalS(Y, f∗I)
which associates to a given extension OX′ ∈ ExalS(X, I), an extension defined by the
pull-back product diagram:
0 // f∗I // f×OX′ //

OY //
f#

0
0 // f∗I // f∗OX′ // f∗OX // 0.
Remark 3.2.3. For any ring homomorphism A → B and a B-module I, the above
algebraic description leads to a natural notion of the category of A-extensions of B
by I. We denote this category by ExalA(B,M), and the set of isomorphisms classes by
ExalA(B,M). Clearly, there is an equivalence between ExalA(B,M) and ExalSpec(A)(Spec(B), I˜).
Example 3.2.4. Note that any first-order thickening X → X˜ of kernel I gives rise to
an extension O
X˜
∈ ExalZ(OX , I). Algebraically, for any perfect field k of characteristic
p > 0, the ring surjections W2(k)→ k and k[ε]/(ε2)→ k give rise to non-equal elements
in ExalZ(k, k).
More generally, we have the following
Definition 3.2.5. Let f : X → Y be a morphism of S schemes, and let X → X ′ (resp.
Y → Y ′) be an S-extension of X (resp. Y ) by the ideal I (resp. J ). Moreover, let
w : f∗J → I be a morphism of OX -modules. We define a w-compatible morphism of
extensions X ′ and Y ′ as a commutative diagram of schemes
X //
f

X ′
f ′

Y // Y ′.
such that the natural map f−1J → I in the diagram
0 // I // OX′ // OX // 0
0 // f−1J //
OO
f−1OY ′
f ′#
OO
// f−1OY //
f#
OO
0
is equal to a mapping w◦ : f−1J → I associated with w : f∗J → I.
Remark 3.2.6. Suppose OX is a flat OY -module. We say that a morphism X ′ → Y ′ is
a flat extension of X over Y ′ (cf. Definition 1.4.1) if the natural map f∗J → I is an
isomorphism.
Remark 3.2.7. As in Remark 3.2.3, the algebraic considerations above naturally lead to
a notion of a compatible morphism of ring extensions.
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It turns out that extensions can be classified using cotangent complex. More pre-
cisely, we have the following.
Theorem 3.2.8 ([Ill71, Chapitre III, The´ore`me 1.2.3]). For any scheme X over a base
S and an OX-module I there exists a bijection between the group ExalS(X, I) of iso-
morphism classes of S-extension of X by an OY -module I and the group Ext1(LX/S , I).
Remark 3.2.9. For any morphism w : I → I ′, the bijection is compatible with the natural
functorial structures of ExalS(X,−) and Ext1(LX/S ,−). Moreover, for any morphism
of schemes f : X → Y the following compatibility holds:
ExalS(X, I) //
f×

Ext1(LX/S , I)
◦df

ExalS(Y, f∗I) // Ext1(LY/S , f∗I) // Ext1(LY/S , Rf∗I) ' Ext1(Lf∗LY/S , I)
Remark 3.2.10. In the algebraic setting, for any ring homomorphism A → B and a B-
module I there is a bijection between ExalA(B, I) and Ext
1
B(LB/A, I). The compatibility
conditions are naturally translated.
3.2.2 Lifting algebras and lifting schemes
We proceed to the description of infinitesimal deformations of schemes. We begin with
a technical definition.
Definition 3.2.11 (Deformation tuple). A deformation tuple over S consists of:
a) a diagram of schemes
X
f

Y
i //

Y ′
xx
S,
where Y ′ is a square–zero S-extension of Y by a module J ,
b) an OX -module I and a module homomorphism w : f∗J → I.
Every deformation tuple as above gives rise to a natural notion of deformation of X over
Y → Y ′. More precisely, we have the following
Definition 3.2.12. A w-compatible deformation of X over Y → Y ′ is an S-extension
of X by I together with a w-compatible morphism of S-extensions f ′ : X ′ → Y ′.
A w-compatible deformation can be illustrated by the following diagram
X
f

// X˜

Y
i //

Y˜
xx
S.
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On the level of structural sheaves, a w-compatible deformation consists of a diagram of
sheaves on X
0 // I // OX′ // OX // 0
0 // f−1J //
w◦
OO
f−1OY ′ //
f ′#
OO
f−1OY //
f#
OO
0.
Remark 3.2.13. In the special case when f : X → Y is flat, I = f∗J and w : f∗J → I is
the natural isomorphism, the notion of a w-compatible deformation is nothing else but
a flat deformation of X over Y ′ (cf. Definition 1.4.1). Indeed, using Proposition 2.1.4
on the affine covering of X, we see that OX′ is a flat f−1OY ′-module if and only if OX
is a flat f−1OY -module and the natural morphism f∗J → I is an isomorphism.
The following theorem of Illusie describes under which conditions a given deformation
tuple can be extended to a w-compatible deformation.
Theorem 3.2.14 ([Ill71, Chapitre III, The´ore`me 2.1.7]). For any deformation tuple
as above, there exists an obstruction σX ∈ Ext2(LX/Y , I) whose vanishing is sufficient
and necessary for the existence of a w-compatible deformation X ′. If the obstruction
vanishes, the set of liftings constitutes a torsor under Ext1(LX/Y , I).
As a direct corollary, we obtain:
Corollary 3.2.15. Let Y → Y ′ be an S-extension of Y by J , and let X → Y be a
flat morphism. There exists an obstruction class in Ext2(LX/Y , f
∗J ) whose vanishing
is sufficient and necessary for existence of a flat lifting X ′ → Y ′. If the obstruction class
vanishes, then the set of flat liftings constitutes a torsor under Ext1(LX/Y , f
∗J ).
Remark 3.2.16. The obstruction σX is given by the composition:
LX/Y
KX/Y/S // Lf∗LY/S [1]
Lf∗δ[1] // Lf∗J [2] H0 // f∗J [2] w[2] // I[2],
where δ ∈ Ext1(LY/S ,J ) denotes the cohomology class associated to the extension Y ′
(cf. Thm 3.2.8).
Remark 3.2.17. In the algebraic setting, the above considerations can be described by
the diagram:
0 // I // B′ // B // 0
0 // J //
OO
A′ //
OO
A //
OO
0.
In this context, the obstruction classes for existence of B′ lie in Ext2(LB/A, I).
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3.2.3 Lifting morphisms of schemes
In this paragraph, we introduce the notion of an infinitesimal deformation of a scheme
morphism. Let us suppose the following diagram of schemes over a base S is given
X1 //
f

h1

X ′1
f˜


Z1 //
g

Z ′1

X2 //
h2

X ′2

Z2 // Z
′
2,
where the horizontal arrows are S-extensions of square-zero by ideals I1, J1, I2 and
J2, respectively viewed from the top, and vertical arrows give compatible morphisms
of extensions. We ask whether there exists a morphism f ′ : X ′1 → X ′2 compatible with
a given morphism f∗I2 → I1 such that the diagram becomes commutative. Since a
first-order thickening does not change the underlying topological space of a scheme, the
problem can be expressed as a question concerning morphisms of sheaves of rings on X1
0 // I1 // OX′1 // OX1 // 0
0 // h1
−1J1 //
OO
h1
−1OZ′1 //
OO
h1
−1OZ1 //
OO
0
0 // f−1I2 //
CC
f−1OX′2 //
BB
f−1OX2 //
f#
BB
0
0 // u−1J2 //
CC
OO
u−1OZ′2 //
BB
OO
u−1OZ2 //
BB
OO
0,
where u = g ◦h1 = h2 ◦f . In a slightly simplified situation, when Z1 = Z2 and Z ′1 = Z ′2,
this can be expressed using the following object.
Definition 3.2.18 (Deformation of morphism tuple). A deformation of morphism tuple
over a square-zero extension Z → Z ′ by a OZ–module J consists of:
a) a diagram of schemes:
X1
i //
f

h

X ′1

h′

X2
j //
g

X ′2
g′

Z // Z ′,
where ik is an Z
′-extension of Xk by an OXk -module Ik.
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b) a homomorphism w : f∗I2 → I1 satisfying the equality wh = w ◦ f∗wg where wg :
g∗J → I2 and wh : h∗J → I1 are the natural maps induced by g′ and h′, respectively.
We recall the following theorem describing obstruction classes to lifting of morphisms
in the scheme theoretic setting.
Theorem 3.2.19 ([Ill71, Chapitre III, Proposition 2.2.4]). For every deformation of
morphism tuple as above, there exists an obstruction σf ∈ Ext1(f∗LX2/Z , I1) whose
vanishing is sufficient and necessary for the existence of a lifting f ′ : X ′1 → X ′2 inducing
w on the level of ideals of X1 and X2.
Remark 3.2.20. The obstruction in the theorem above is given by the unique preimage
under the natural mapping Ext1(f∗LX2/Z , I1) −→ Ext1(f∗LX2/Z′ , I1) of the difference
w ◦ f∗e2 − e1 ◦ df of arrows in the diagram:
f∗LX2/Z′
f∗e2 //
df

f∗I2
w

LX1/Z′
e1 // I1,
where ek ∈ Ext1(LXk/Z′ , Ik) ' ExalZ′(OXk , Ik) (cf. Theorem 3.2.8) are classes of Z ′-
extensions X ′k.
Remark 3.2.21. In the case when X ′1 and X ′2 are just flat extension over Z ′, the obstruc-
tion lie in the group Ext1(LX2/Z , f
∗J ).
Remark 3.2.22. A purely algebraic analogue of the situation described above can be
illustrated by the diagram
0 // N2 // B
′
2
// B2 // 0
0 // I2 //
OO
A′2 //
OO
A2 //
OO
0
0 // N1 //
ν
GG
B′1 //
GG
B1 //
GG
0
0 // I1 //
GG
OO
A′1 //
GG
OO
A1 //
GG
OO
0.
In this context, the obstruction classes for existence of the dashed arrow lies in Ext1B1(LB1/A1 , N2) =
Ext1B2(LB1/A1 ⊗LB1 B2, N2).
3.3 Naive cotangent complex and explicit obstructions for
lifting morphisms
In this paragraph, we introduce the naive cotangent complex and then present how it is
applied to compute obstructions for lifting morphisms explicitly. We focus on the case
of ring homomorphisms, or equivalently morphisms of affine schemes. Our presentation
is based on [Sta17, Tag 00S0]. Let A→ B be a ring homomorphism. It turns out that
the complex τ≥−1LB/A can be efficiently computed using the notion of so-called naive
cotangent complex
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Definition 3.3.1 (Naive cotangent complex). The naive cotangent complex NLB/A of
a ring map A→ B is the complex:
NLB/A : I/I
2 f 7→df⊗1 // Ω1A[B] ⊗A[B] B
supported in degrees [−1, 0], where I denotes the kernel of the evaluation map evB/A : A[B]→
B.
We have the following comparison result.
Theorem 3.3.2 ([Sta17, Tag 08RB]). Let A → B be a ring map. Then NLB/A is
canonically quasi-isomorphic to τ≥−1LB/A.
It turns out that up to homotopy NLB/A can be computed from any polynomial
presentation of B (see [Sta17, Tag 00S0]). More precisely, for any surjective morphism
ϕ : A[E]→ P with kernel J the complex NLB/A is quasi-isomorphic to
NLϕ : J/J
2 f 7→df⊗1 // Ω1A[E] ⊗A[E] B.
We claim that the naive cotangent complex allows us to compute the obstructions
for lifting morphisms explicitly. In order to show the claim, we take an instance of
deformation of morphism problem described by the diagram
0 // N2 // B
′
2
q2 // B2 // 0
0 // I2 //
OO
A′2 //
OO
A2 //
OO
0
0 // N1 //
ν
GG
B′1 q1
//
f ′
GG
B1 //
f
GG
0
0 // I1 //
GG
OO
A′1 //
GG
OO
A1 //
GG
OO
0.
We consider the naive cotangent complex NLϕ defined as
NLϕ : J/J
2 f 7→df⊗1 // Ω1A1[E] ⊗A1[E] B1.
for a surjective homomorphism ϕ : A1[E]→ B1 with kernel J .
Theorem 3.3.3 ([Sta17, Tag 08S3]). There exists an obstruction class σNLϕ ∈ Ext1B1(NLϕ, N2)
sufficient and necessary for existence of a morphism f ′ filling the above diagram.
Proof. First, we observe that for any B1-module M the spectral sequence
Epq1 = Ext
q
B1
(NL−pϕ ,M)⇒ Extp+qB1 (NLϕ,M)
arising from the trivial filtration of NLϕ yields an isomorphism
Ext1B1(NLϕ,M) ' HomB1(J/J
2,M)
/
HomB1(Ω
1
A1[E]/A1
⊗A1[E] B1,M) .
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Therefore it suffices to find the obstruction class in
HomB1(J/J
2, N2)
/
HomB1(Ω
1
A1[E]/A1
⊗A1[E] B1, N2) .
Let u : A′1[E] → B1 be the composition of the natural reduction map A′1[E] → A1[E]
with the surjection φ : A1[E]→ B1, and let J ′ be its kernel. We choose a lifting A′1[E]→
B′1 of u given by liftings in B′1 of elements ϕ(e), for e ∈ E. This yields a commutative
diagram
0 // J ′ //
w

A′1[E]
u //

B1 // 0
0 // N1 // B
′
1
// B1 // 0.
From the commutativity of the diagram, we see that B′1 is the pushout of mappings
w : J ′ → N1 and J ′ → A′1[E], and therefore to produce a mapping B′1 → B′2 lifting
f : B1 → B2 and inducing ν : N1 → N2 on the level of kernels of the mappings B′i → Bi,
we need to provide a morphism q : A′1[E]→ B′2 lifting f◦u and satisfying ν◦w = q|J ′ . We
choose an arbitrary morphism q lifting f ◦u and consider the morphism ν ◦w−q|J ′ which
vanishes if and only if q descends to a homomorphism B′1 → B′2. Since q2 ◦ q|J ′ = 0,
the morphism factors through N2. Moreover, by a simple computation, we see that
it vanishes on I1A
′
1[E] and on J
′2 and hence gives an element σ˜q ∈ HomB1(J/J2, N2)
defined unambiguously by the formula σ˜q(g) = ν(w(g˜))−q(g˜), where g˜ ∈ J ′ is a lifting of
g ∈ J . To finish the proof, we observe that a different choice of a lifting q : A′1[E]→ B′2
shifts σ˜q by an element from HomB1(Ω
1
A1[E]/A1
⊗A1[E]B1, N2). Indeed, let q′ : A′1[E]→ B′2
and q : A′1[E]→ B′2 be two liftings of f ◦ u. Then for any g ∈ J we have
σ˜q(g)− σ˜q′(g) = (q′ − q)(g˜) =
∑
e∈E
(q − q′)(e) · q
(
∂g˜
∂e
)
=
∑
e∈E
(q − q′)(e) · f
(
∂g
∂e
)
,
since q(e)− q′(e) ∈ N2 and therefore the products (q − q′)(e) · q
(
∂g˜
∂e
)
depend solely on
the residue f
(
∂g
∂e
)
. This means that σ˜q− σ˜q′ is an image under HomB1(Ω1A1[E]/A1⊗A1[E]
B1, N2)→ HomB1(J/J2, N2) of the homomorphism defined by the formula de 7→ q(e)−
q′(e), for every e ∈ E.
3.4 Functoriality of obstruction classes
3.4.1 Lifting schemes
Liftability obstructions satisfy the following functoriality property (for the sake of con-
venience we assume that the ideals of thickenings are flat).
Definition 3.4.1 (Morphism of deformation tuples). A morphism of deformation tuples
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over a base S is denoted by a diagram
X1
f1

Y1
i //

Y ′1
xx
S,
(I1,J1, w1 : f∗1J1 → I1)

a morphism of−−−−−−−−−−−→
deformation tuples

X2
f2

Y2
i2 //

Y ′2
xx
S
(I2,J2, w2 : f∗2J2 → I2),

and consists of:
a) a diagram of schemes over S:
X1
g
~~
f1

X2
f2

Y1
i1 //
h~~
Y ′1
h′~~
Y2
i2 // Y ′2 ,
where h′ is a morphism inducing an OY1-module homomorphism u : h∗J2 → J1,
b) a homomorphism v : g∗I2 → I1 fitting into a commutative diagram:
g∗f∗2J2 ' f∗1h∗J2
f∗u

g∗w2 // g∗I2
v

f∗J1 w1 // I1.
Lemma 3.4.2 (Functoriality of obstructions to lifting schemes). For any morphism
of deformation tuples as above, the obstruction classes to existence of liftings fit in the
commutative diagrams:
Lg∗LX2/Y2
g∗σX2 //
dg

Lg∗I2
v

LX2/Y2
σX2 //
dg

I[2]

LX1/Y1
σX1 // I, Rg∗LX1/Y1
Rg∗σX1// Rg∗I[2].
Proof. We use commutativity of the diagram:
Lg∗LX2/Y2
dg

Lg∗σX2
**g∗KX2/Y2/S // Lg∗Lf∗2LY2/S [1] ' Lf∗Lh∗LY2/S [1] //
Lf∗di

Lg∗Lf ′∗J2[2]
f∗u

Lg∗H0 // Lg∗f∗2J2[2]
Lg∗w2 // Lg∗I2
v◦H0

LX1/Y1
σX1
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KX1/Y1/S // Lf∗LY1/S [1] // Lf
∗J1[2] H
0
// f∗J1[2] w // I1,
which follows from:
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a) the description of obstructions classes,
b) functoriality of Kodaira–Spencer class (left–most square),
c) commutativity of the lower part of the diagram in the definition of morphism of
deformation tuples (middle square),
d) the assumption on the homomorphisms of flat ideals (right–most square).
We consequently derive the following diagram which is constituted by boundary arrows.
Lg∗LX2/Y2
g∗σX2 //
dg

Lg∗I2
v

LX1/Y1
σX1 // I1.
After application of Rg∗ and the natural adjunction this yields the commutativity of:
LX2/Y2
σX2 //
ηLX2/Y2

I2[2]
ηI2[2]

Rg∗Lg∗LX2/Y2
Rg∗Lg∗σX2 //
Rg∗dg

Rg∗Lg∗I2[2]
Rg∗v

Rg∗LX1/Y1
Rg∗σX1 // Rg∗I1[2],
where ηA is the co-unit of the adjunction for an object A. This gives the desired
result.
3.4.2 Lifting morphisms
Here, we analyse the functoriality properties of obstruction classes for lifting morphisms.
Definition 3.4.3 (Morphism of deformation of morphism tuples). A morphism of de-
formation of morphism tuples over a square-zero extension S → S˜ by an OS-module is
denoted by a diagram:
X2
i2 //
f2

h2

X ′2

h′2

Y2
j2 //
g2

Y ′2
g′2

Z // Z ′
(I2,J2, w2 : f∗2J2 → I2)

a morphism of deformation−−−−−−−−−−−−−−−−→
of morphism tuples

X1
i1 //
f1

h1

X ′

h′1

Y1
j1 //
g1

Y ′1
g′1

Z // Z ′
(I1,J1, w : f∗J1 → I1)

32
and consists of a diagram of schemes
X2 //
k
~~
f2

X ′2
k′
~~

X1 //
f1

X ′1

Y2
l
~~
//

Y ′2
l′
~~

Y1 //

Y ′1

S // S′
such that the mapping qk : k
∗I1 → I2 and ql : l∗J1 → J2 fit into a commutative
diagram:
k∗f∗1J ' f∗2 l∗J
k∗w1

f∗2 ql // f∗2J2
w2

k∗I1 qk // I2.
We do not need this result in its full generality and therefore for the notational
convenience we only state the case of flat extensions over a given S′.
Lemma 3.4.4 (Functoriality of obstructions to lifting morphisms). For any morphism
of deformation of morphism tuples as above where the associated ideals are flat, the
obstructions σf1 and σf2 satisfy the relation:
qk ◦ k∗σf1 = σf2 ◦ f
∗
2dl ◦ u
−1,
where u : f∗2 l∗LX2/S′ → k∗f∗1LX2/S′ is the canonical isomorphism.
Proof. We observe that the obstructions fit into the following diagram:
f∗2 l∗LY1/S′
f∗2 l
∗ej1
++u
' //
f∗2 dl

k∗f∗1LY1/S′
=k
∗df1

k∗f∗1 ej1 // k∗f∗1J1
k∗w1

' // f
∗
2 l
∗J1
f∗2 ql

f∗2LY2/S′
df2
''
++
k∗LX1/S′

k∗ei1 // k∗I1
qk

f∗2J2
w2
zz
LX2/S′
ei2 // I2,
where the middle square is the pullback of σf1 along k and the bottom boundary map-
pings give rise to the obstruction σf2 . The functoriality is a consequence of the following
statements
a) the description of obstructions classes,
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b) commutativity of the left square coming from transitivity of differentials for f1k = lf2,
c) commutativity of the right square coming from the definition of morphism of defor-
mations of morphism tuples,
d) commutativity of the lower and boundary upper square which in fact constitute the
obstructions for existence of k′ and l′, respectively.
e) flatness of the ideals, which allows us to omit derived pull-backs.
3.5 Deformations of affine schemes
In this section we present a few results concerning deformation theory of affine schemes.
In particular, we prove that one can check whether there exists a W2(k)-lifting e´tale
locally.
Lemma 3.5.1. Let X ' Spec(A) be an affine scheme essentially of finite type over k.
Assume there exists an e´tale surjective covering p : U → X such that U is W2(k)-liftable
(respectively F -liftable). Then, X is W2(k)-liftable (respectively F -liftable).
Proof. We treat only the case of W2(k)-liftability as the proof in the case of F -liftability
is analogous. By taking an affine Zariski covering of U we may assume that U ' Spec(B).
Let σA ∈ Ext2(LA/k, A) and σB ∈ Ext2(LB/k, B) be the obstruction classes to the
existence of a W2(k)-lifting of Spec(A) and Spec(B), respectively. By Lemma 3.4.2 and
the properties of the morphism p we see that Ext2(LB/k, B) ' Ext2(LA/k, A)⊗A B and
σB = σA ⊗ 1 under this isomorphism. Therefore, the claim of the lemma follows from
the fact that p is e´tale and surjective and hence faithfully flat.
Along the same lines we can prove the following.
Lemma 3.5.2. Let X be an affine scheme locally of finite type over k. Assume that
for every closed point x ∈ X the scheme Spec(OX,x) is W2(k)-liftable (respectively F -
liftable). Then, X is W2(k)-liftable (respectively F -liftable).
3.6 Functors of Artin rings and their applications
Here, we recall the formalism of functors of Artin rings. The classical reference for
the topic is [Sch68]. The results concerning obstruction theories are well-explained in
[FM98].
Suppose k be a field, Λ a complete local ring and let ArtΛ(k) denote the category
of local Artinian Λ–algebras with residue field k. We consider covariant functors F :
ArtΛ(k)→ Sets, which naturally represent infinitesimal deformations of algebraic and
geometric objects. The cases we are mostly interested in are Λ = W2(k) or Λ = W (k)
where k is a perfect field of positive characteristic p.
Definition 3.6.1 (Functor of Artin rings). A functor of Artin rings is a covariant
functor F : ArtΛ(k) → Sets such that F(k) consists of a single element. All such
functors form a category with natural transformations as morphisms.
34
Remark 3.6.2. We assume that the considered functors satisfy additional property
F(k[V ]×k k[W ]) ' F(k[V ])×F(k[W ]).
This implies that F(k[ε]/ε2) admits a structure of a k-vector space (see [Sch68, Lemma
2.10]). The assumption is satisfied for every functor we consider in what follows.
3.6.1 Deformation functors and their morphisms
Definition 3.6.3 (Smooth morphism of functors). A natural transformation ξ : F → G
of functors of Artin rings is smooth if for every surjective morphism B → A in ArtΛ(k)
the natural mapping:
F(B)→ F(A)×G(A) G(B)
is surjective.
From the special case A = k, we see that a smooth morphism is surjective.
Definition 3.6.4 (Tangent space and morphism). Suppose F : ArtΛ(k) → Sets is a
functor of Artin rings. The set TF
def
= F(k[ε]) is called the tangent space of a functor F .
For any morphism of deformation functors ψ : F → G the mapping Tψ def= ψk[ε] : TF =
F(k[ε])→ G(k[ε]) = TG is called the tangent map of ψ.
Under certain condition (see [FM98]), satisfied in any of our applications, the tangent
space admits a natural structure of a k-vector space such that the tangent morphism
becomes k-linear.
Definition 3.6.5 (Obstruction theory). Suppose F : ArtΛ(k) → Sets is a functor of
Artin rings. An obstruction theory for F is a pair (V, {νe}e∈SmallExt(Λ)) of a vector
space V and a family of mappings νe : F(A) → V ⊗k I parametrised by infinitesimal
extensions e : 0 −→ I −→ B −→ A −→ 0 and satisfying the following properties:
i) (functoriality) for any morphism of small extensions
e : 0 // I //
φ

B //
f2

A //
f1

0
e′ : 0 // I ′ // B′ // A′ // 0,
we have (idV ⊗φ) ◦ νe = νe′ ◦F(f1).
ii) (completeness) for any infinitesimal extension e : 0 −→ I −→ B −→ A −→ 0 and
an element a ∈ F(A) the condition νe(a) = 0 is equivalent to existence of b ∈ F(B)
lifting a.
The choice of obstruction theory is not unique, e.g., any proper inclusion i : V → V ′
gives rise to a different obstruction theory (V ′, i ◦ νe).
We now present a criterion for smoothness of morphism of functors in terms of their
tangent and obstruction spaces. Let (F , (ObF , νFe )) and (G, (ObG , νGe )) be deformation
functors together with associated obstruction theories and ψ : F → G be a morphism.
We say that a linear mapping c : ObF → ObG is an obstruction map of ψ if for every
infinitesimal extension e : 0 −→ I −→ B −→ A −→ 0 we have νGe ◦ ψA = (c⊗k idI) ◦ νFe .
We emphasize that the notion of obstruction map of ψ does not depend solely on ψ but
also on the choice of obstruction theories for F and G.
We have the following criterion of Fantechi and Manetti.
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Lemma 3.6.6 ([FM98, Lemma 6.1]). Suppose (F , (ObF , νFe )) and (G, (ObG , νGe )) are
deformation functors together with associated obstruction theories. Let ψ : F → G be
a morphism of functors admitting an obstruction map Obψ : ObF → ObG. Then, ψ is
smooth if the following conditions hold:
i) Tψ : TF → TG is surjective,
ii) Obψ : ObF → ObG is injective.
3.6.2 Compatible systems of deformations
Suppose X is a scheme over a field k. By DefX we mean the deformation functor of
X, that is, a covariant functor from the category ArtW (k)(k) of Artinian local W (k)-
algebras with residue field k to the category of sets defined by the formula:
ArtW (k)(k) 3 (A,mA) 7→ DefX(A) def=
{
isomorphism classes of flat
deformations of X over Spec(A)
}
.
Morphism of deformations (X , φX )→ (X ′, φX ′) is a morphism of schemes X → X ′ such
that its restriction to the special fibre commutes with isomorphisms φ. It turns out
that the tangent space of DefX can be described, and there exists a natural obstruction
theory (cf. Definition 3.6.5). More precisely, we have the following standard result.
Proposition 3.6.7 ([Har10, Theorem 10.2]). The tangent space TDefX is given by
Ext1(LX/k,OX). There exists an obstruction theory with the obstruction space given
by Ext2(LX/k,OX).
Proof. Both assertions follow from Corollary 3.2.15. For the first one, we observe that
according to the corollary the tangent space TDefX = DefX(k[ε]/ε2) is a torsor under
Ext1(LX/k,OX). For the second, we consider a surjective homomorphism A′ → A in
ArtW (k)(k) with kernel I, satisfying mA′I = 0. Using the corollary, we see that for
every element X ∈ DefX(A) the obstruction class to existence of an A′-lifting of X lies
in Ext1(LX/k, f
∗I) ' Ext1(LX/k,OX)⊗k I. This means that Ext2(LX/k,OX) (together
with the natural obstruction map) gives an obstruction theory for DefX .
The above setting can be slightly generalized.
Remark 3.6.8. Let Z = {Zi}i∈I be a family of closed subschemes of X indexed by a
preorder I (i.e., a set with a reflexive and transitive binary relation), such that Zi is
a closed subscheme of Zj whenever i ≤ j (in other words, I is a small category whose
morphism sets have at most one element, and Z is a functor from I to the category
of closed subschemes of X). We denote by DefX,Z the functor of flat deformations of
X together with compatible embedded deformations of the Zi, preserving the inclusion
relations given by the relation ≤. If f : X → Y is a map of k-schemes, we denote by
Deff the functor of flat deformations of X, and Y along with a deformation of f .
One of our main tools is the following proposition, which one can prove along the
same lines as [LS14, Proposition 2.2]. See also [CvS09] and [Wah79], where this idea
appeared previously.
Proposition 3.6.9. 1) Let f : Y → X be a map satisfying Rf∗OY = OX . Then there
exists a natural transformation DefY → DefX . More generally, if W = {Wi}i∈I
(resp. Z = {Zi}i∈I) is a family of closed subschemes of Y (resp. X) parametrized
by a preorder I, and if Rf∗OWi = OZi (in particular, Zi = f(Wi)), then there exists
a natural transformation DefY,W → DefX,Z .
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2) Let X be a smooth scheme, Z ⊆ X a smooth closed subscheme of codimension ≥ 2,
f : Y = BlZ X → X the blow-up of X along Z, E = {Ej}j∈J the set of connected
components of f−1(Z). Then the forgetful transformation DefY,E → DefY is an
isomorphism (here the index set J is given the trivial order). More generally, if
W = {Wi}i∈I is a family of closed subschemes of Y , then the forgetful transformation
DefY,WunionsqE → DefY,W is an isomorphism. Here by WunionsqE we mean the family {Wi}i∈Iunionsq
{Ej}j∈J parametrized by I unionsq J with no non-trivial relations between I and J .
3.6.3 Embedded deformations HilbX,Pn and DefX
Example 3.6.10 (Embedded deformations of a projective scheme). Suppose X ⊂ Pnk is
a closed subscheme. The functor of embedded deformations HilbX,Pn : ArtΛ(k)→ Sets
is defined by the assignment:
ArtΛ(k) 3 A 7→
{
isomorphism classes of closed subschemes of PnA
flat over Spec(A) and restricting to X over Spec(k)
}
.
The following proposition describes basic properties of HilbX,Pn .
Proposition 3.6.11 ([Har10, Theorem 1.1]). The tangent space of HilbX,Pn is naturally
isomorphic to H0(X,NX/Pn). Furthermore, it admits an obstruction theory with the
obstruction space equal to H1(X,NX/Pn).
We now present an exemplary application of Lemma 3.6.6.
Example 3.6.12. For any closed embedding X ⊂ Pn of a smooth scheme X/k, we
obtain a natural morphism of functors ψ : HilbX,Pn → DefX , admitting an obstruc-
tion morphism, defined by taking the underlying abstract deformation of an embedded
deformation. Its tangent and obstruction mappings:
Tψ : THilbX,Pn = H
0(X,NX/Pn)→ H1(X, TX) ' Ext1(LX/k,OX) = TDefX
Obψ : ObHilbX,Pn = H
1(X,NX/Pn)→ H2(X, TX) ' Ext2(LX/k,OX) = ObDefX
are given by the canonical morphisms coming from the long exact sequence of cohomol-
ogy associated to:
0 −→ TX −→ TPn|X −→ NX/Pn −→ 0.
As a simple corollary of Lemma 3.6.6 we have the following lemma applicable for example
to projective Calabi–Yau varieties of dimX > 3.
Lemma 3.6.13. Suppose X is a projective scheme satisfying H2(X,OX) = 0. For
sufficiently positive embedding of X ⊂ PN the morphism ψ : HilbX,PN → DefX is
smooth. In particular, every abstract deformation arises as an embedded one.
Proof. By Lemma 3.6.6 we need to show that H0(X,NX/PN )→ H1(X, TX) is surjective
and H1(X,NX/PN )→ H2(X, TX) is injective for sufficiently ample embedding X → PN .
By the long exact sequence of cohomology it suffices to show that H1(X, TPN |X) = 0.
By restricting the Euler sequence to X we obtain:
0 −→ OX −→ OX(1)⊕n+1 −→ TPN |X −→ 0.
By another long exact sequence of cohomology we see that:
· · · −→ H1(X,OX(1)⊕n+1) −→ H1(X, TPN |X) −→ H2(X,OX) −→ H2(X,OX(1)⊕n+1) −→ · · · ,
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which gives the claim by the Serre’s vanishing, i.e., for any coherent sheaf F on X
we have H1(X,F(1)) = H2(X,F(1)) = 0 if the embedding X → PN is sufficiently
ample.
Remark 3.6.14. In particular, for sufficiently positive Veronese embedding of a smooth
scheme X satisfying H2(X,OX) = 0, the mapping of functors ψ : HilbX,PN → DefX is
smooth.
3.6.4 Deformations of open subsets
We proceed with a classical lemma comparing abstract deformation functors of a scheme
X and its open subset U . We give a modern formulation together with a proof based
on the cotangent complex.
Lemma 3.6.15 ([Art76, Proposition 9.2]). Let j : U → X be the inclusion of an open
subset. Assume, that X satisfies property S3 at any point p of the complement Z = X\U .
Then, the natural morphism of deformation functors χj : DefX → DefU coming from
the restriction is smooth.
Proof. By the long exact sequence of Ext•(LX/k,−) groups associated to a distinguished
triangle (cf. Lemma 2.4.8):
OX −→ Rj∗OU −→ RΓZ(X,OX)[1] −→ OX [1],
and the identification Exti(LX/k, Rj∗OU ) ' Exti(LU/k,OU ), for every i ∈ N, we obtain
a sequence
. . . Ext0(LX/k, RΓZ(OX)[1]) Ext1(LX/k,OX) Ext1(LU/k,OU )
Ext1(LX/k, RΓZ(OX)[1]) Ext2(LX/k,OX) Ext2(LU/k,OU )
tj
oj
where the mappings tj and oj can be identified with Tχj and Obχj . Therefore, by
Lemma 3.6.6 it suffices to prove that Ext1(LX/k, RΓZ(OX)[1]) = 0. This is follows
directly using the spectral sequence
Extp(LX/k,Hq+1Z (X,OX)) = Extp(LX/k,Hq(RΓZ(OX)[1]))⇒ Extp+q(LX/k, RΓZ(OX)[1])
and Lemma 2.4.24. The proof is thus finished.
3.6.5 Deformations of cones over projective schemes
We now proceed to the summary of deformation theory of cones. Again, X denotes
a closed subscheme of Pn and we assume that C def= ConeX,Pn is normal at its vertex
(cf. §2.5.1), that is, ConeX,Pn ' ConeX,OX(1). For a thorough exposition (in fact
equicharacteristic) expressed in classical terms of tangent sheaves one may take a look
at [Art76, Section 11 and 12]. We begin with a proposition.
Proposition 3.6.16 ([Art76, Theorem 12.1, Lemma 12.1]). There exists a morphism
of deformation functors φ : HilbX,Pn
φ−→ DefC defined by performing cone construction
relatively. The tangent and obstruction mappings of φ satisfy the properties:
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(1) The tangent mapping Tφ : THilbX,Pn → TDefC can be identified with the canonical
homomorphism
H0(X,NX/Pn)→ Coker
(⊕
k∈Z
H0(X, TPn|X(k))→
⊕
k∈Z
H0(X,NX/Pn(k))
)
,
coming from the long exact cohomology sequence associated to
0 −→
⊕
k∈Z
TX(k) −→
⊕
k∈Z
TPn|X(k) −→
⊕
k∈Z
NX/Pn(k) −→ 0,
(2) The tangent mapping Tφ is surjective if
⊕
k 6=0H
1(X, TX(k)) = 0.
(3) The obstruction mapping Obφ is injective.
Remark 3.6.17. The identification of the tangent space TDefC = Ext
1(LC/k,OC) with
the given cokernel follows from an explicit calculation of the long exact sequence of
Ext•(−,OC) groups for a distinguished triangle:
Li∗LAn+1/k −→ LC/k −→ LC/An+1 −→ Li∗LAn+1/k[1]
associated with the inclusion of schemes i : C → An+1.
As a corollary we obtain the following result comparing the deformation theory of a
projective scheme X and the cone over its sufficiently large ample embedding.
Corollary 3.6.18. Let X be a projective scheme. Then, there exists a sufficiently large
Veronese embedding of X ⊂ PN such that the morphism of functor φd : HilbX,PN →
DefCone
X,PN
is smooth.
Proof. Firstly, by Proposition 2.5.2 we see that by taking sufficiently large Veronese
embedding we may assume that the cone is in normal. This allows us to apply Propo-
sition 3.6.16. By part (2), we need to show that for sufficiently large d we have⊕
k 6=0H
1(X, TX(kd)) = 0. This in turn follows from Serre’s vanishing and Serre du-
ality.
By combining Lemma 3.6.13 with Corollary 3.6.18 we obtain:
Proposition 3.6.19. For any smooth projective scheme X satisfying H2(X,OX) = 0,
and a sufficiently large Veronese embedding X ⊂ PN , the morphisms of deformation
functors φ and ψ given in a diagram:
DefCone
X,PN
φ←− HilbX,PN ψ−→ DefX ,
are smooth.
3.6.6 Deformations of products
In this paragraph, we compare the deformation functor of the product of two schemes
with the product of their deformation functors.
Proposition 3.6.20. The morphism of deformation functors:
prodX,Y : DefX × DefY → DefX×Y , (X˜, Y˜ ) 7→ X˜ ×Spec(A) Y˜
is smooth (in particular levelwise surjective) if H1(X,OX) = H1(Y,OY ) = 0.
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Proof. By the above general considerations and the additivity of Kodaira–Spencer class
we see that the morphisms on tangent and obstruction space
TprodX,Y : Ext
1(LX/k,OX)⊕ Ext1(LY/k,OY )→ Ext1(Lp∗LX/k ⊕ Lq∗LY/k,OX×Y ),
ObprodX,Y : Ext
2(LX/k,OX)⊕ Ext2(LY/k,OY )→ Ext2(Lp∗LX/k ⊕ Lq∗LY/k,OX×Y ),
are given as direct sums of morphisms:
Ext•(LX/k,OX)→ Ext•(LX/k, Rp∗OX×Y ) ' Ext•(Lp∗LX/k,OX×Y );
Ext•(LY/k,OY )→ Ext•(LY/k, Rq∗OX×Y ) ' Ext•(Lq∗LY/k,OX×Y ),
which arise from the natural distinguished triangles
OX −→ Rp∗OX×Y −→ Cp and OY −→ Rq∗OX×Y −→ Cq,
induced by the structure morphisms p# and q# of the projections.
By the assumptions and the spectral sequence:
E2ij = Ext
i(LX/k,Hj(Cp))⇒ Exti+j(LX/k, Cp)
we see that Ext1(LX/k, Cp) = H
1(Y,OY )⊗kExt0(LX/k,OX) = 0. Analogously we obtain
Ext1(LY/k, Cq) = 0. Therefore TprodX,Y is surjective and ObprodX,Y is injective, which by
Lemma 3.6.6 implies that prodX,Y is a smooth morphism of deformation functors.
As a simple corollary we obtain:
Proposition 3.6.21. Let f : X → Y be a morphism of schemes over a field k satisfying
H1(X,OX) = H1(Y,OY ) = 0. If BlΓf (X × Y ) lifts to A ∈ ArtW (k)(k), then there exist
A-liftings of X and Y together with a lifting of f .
Proof. Assume BlΓf (X × Y ) lifts to A. By Proposition 3.6.9 there exists a deformation
X˜ × Y of the product X × Y together with an embedded deformation Γ˜f of Γf . By
Proposition 3.6.20 the A-scheme X˜ × Y is isomorphic to X˜ ×Spec(A) Y˜ for some defor-
mations of X and Y . The restriction of the projection p˜X : X˜ ×Spec(A) Y˜ → X˜ to Γ˜f
is an isomorphism (as its restricton to Spec(k) is an isomorphism) and therefore the
tuple (X˜, Y˜ , p˜Y ◦ (p˜X |Γ˜f )
−1) gives the desired pair of liftings of X and Y together with
a lifting of f .
3.7 A few applications of functoriality
We finish our considerations in this chapter with a few applications of functoriality of
obstruction classes interesting in the context of mod p2 and Frobenius liftability.
Lemma 3.7.1. For any scheme X defined over a perfect field k of characteristic p
there exists an obstruction σX/k ∈ Ext2(LX/k,OX) whose vanishing is sufficient and
necessary for existence of W2(k)-lifting. The obstruction is functorial, i.e., for any
morphism g : X → Y the following diagrams is commutative:
Lg∗LY/k
Lg∗σY//
dg

Lg∗OY [2]
'

LY/k
σY //
dg

OY [2]
g#[2]

LX/k
σX // OX [2], Rg∗LX/k
Rg∗σX// Rg∗OX [2].
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In particular W2(k)-liftability descends along finite surjective maps of degree prime to
the characteristic of k.
Proof. This is a direct consequence of Lemma 3.4.2. The final remark follows from
existence of the trace maps splitting g#.
Lemma 3.7.2. For any scheme X/k together with a W2(k)-lifting X
′ there exists an
obstruction σFX′ ∈ Ext1(F ∗X/kLX(1)/k,OX) to lifting of relative Frobenius FX/k : X →
X(1) to an infinitesimal flat thickening F ′X/k : X
′ → X ′(1) which satisfies the following
functoriality property. For any g′ : X ′ → Y ′ restricting to a given g : X → Y the
obstructions σFX′ and σ
F
Y ′ satisfy:
Lg∗F ∗Y/kLY (1)/k
Lg∗σF
Y ′ //
F ∗
X/k
dg(1)

Lg∗OY [1]
'

F ∗Y/kLY (1)/k
σF
Y ′ //
d
(1)
g

OY [1]
g#[1]

F ∗X/kLX(1)/k
σF
X′ // OX [1] Rg∗F ∗X/kLX(1)/k
Rg∗σFX′// Rg∗OX [1],
where d
(1)
g : F ∗Y/kLY (1)/k → Rg∗F ∗X/kLX(1)/k is the adjoint of the mapping F ∗X/kdg(1).
In particular, if g is affine and g# : OY → g∗OX splits then the Frobenius lifting of X
descends to Y .
Proof. We apply Lemma 3.4.4 to the case X1 = Y , Y1 = Y
(1), X2 = X, Y2 = X
(1),
f1 = FY/k, f2 = FX/k, and then use the adjunction as in Lemma 3.4.2. The second part
follows from the functoriality diagram and the existence of a splitting of g#.
As we suggested in Remark 1.4.3 under the assumption of k being perfect, the vanishing
of the obstruction class σF
X˜
∈ Ext1(F ∗X/kLX(1)/k,OX) is sufficient for existence of a lifting
of the absolute Frobenius FX over the Frobenius of the ring of Witt vectors of length
two.
As an exemplary application of Lemma 3.7.2 we obtain a corollary:
Corollary 3.7.3. Let j : U → X be the inclusion of an open subset such that comple-
ment Z = X \ U is of codimension ≥ 3 and X satisfies property S3 at any point of Z.
Then, X admits a Frobenius lifting if and only if U does.
Proof. Clearly, it suffices to show that Frobenius liftability of U implies liftability for
X. For this purpose we observe that by Lemma 3.6.15 the deformation functors of U
and X are isomorphic. Hence, any lifting U ′ ∈ DefU (W2(k)) extends to a lifting X ′ ∈
DefX(W2(k)) and consequently we may apply functoriality of obstructions Lemma 3.7.2
to the inclusion U ′ → X ′. We obtain a diagram:
F ∗X/kLX(1)/k
σF
X′ //
d
(1)
j

OX [1]
j#[1]

Rj∗F ∗U/kLU(1)/k
Rj∗σFU′// Rj∗OU [1].
By assumption σFU ′ = 0 and therefore j
# ◦ σFX′ = 0. To conclude that σ
F
X′ = 0, it suffices
to show a natural mapping:
Ext1(F ∗X/kLX(1)/k,OX) −→ Ext1(F ∗X/kLX(1)/k, Rj∗OU )
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coming from the long exact sequence of Ext•(F ∗X/kLX(1)/k,−) groups associated to the
distinguished triangle
OX −→ Rj∗OU −→ RΓZ(X,OX)[1] −→ OX [1]
is injective. This follows from the vanishing Ext1(F ∗X/kLX(1)/k, RΓZ(X,OX)[1]) = 0,
which we prove along the lines of the proof of Lemma 3.6.15 (this requires that any
point in the complement X \ U satisfies the property S2).
We shall now relate the Frobenius liftability of a normal projective scheme and a
cone over its sufficiently ample embedding.
Proposition 3.7.4. Let X be a normal projective scheme defined over a perfect field
of characteristic p > 0. Then for a sufficiently ample embedding X ⊂ Pn the Frobenius
liftability of C = ConeX,Pn implies the Frobenius liftability of X. Moreover, for any
smooth scheme X satisfying H1(X,OX) = H2(X,OX) = 0 Frobenius liftability of X is
equivalent to the Frobenius liftability of a cone over a sufficiently ample embedding.
Proof. The first part we proceed as follows. Let C = ConeX,Pn be the cone over an
embedding of X such that the functor φ : HilbX,Pn → DefC is smooth (cf. Corol-
lary 3.6.18). Moreover, let U be the cone without the vertex m. Assume C is Frobenius
liftable, i.e, there exists a lifting C˜ ∈ DefC(W2(k)) admitting a lifting of Frobenius. By
the smoothness of φ we obtain a (potentially non-unique) diagram:
C // C˜
U
^^
//
pi

U˜
__
pi

X // X˜.
By Lemma 3.7.2 we see that the obstruction classes to existence of a Frobenius lifting
for X and U fit into a commutative diagram:
F ∗X/kLX(1)/k
σF
X˜ //
dpi(1)

OX [1]
pi#[1]

Rpi∗F ∗U/kLU(1)/k
Rpi∗σF
U˜// Rpi∗OU [1]
ZZ
where the right most arrow is a splitting of pi# induced by the Gm-bundle structure of
pi. We assumed that C˜ admits a lifting a therefore σFU = 0. By the existence of splitting
σFX = 0 and therefore X is Frobenius liftable.
For the second statement, we assume that X is Frobenius liftable, i.e., there exists
a lifting X˜ ∈ DefX(W2(k)) such that σFX˜ = 0. By Lemma 3.6.13 and Serre vanishing
we obtain an embedding of X into Pn such that ψ : HilbX,Pn → DefX is smooth and
H1(X,OX(k)) = H2(X,OX(k)) = 0 for any k 6= 0. By smoothness of ψ we see that
X˜ arises as an embedded deformation and therefore induces a compatible deformation
C˜ ∈ DefC(W2(k)) of the cone C. By Corollary 3.7.3, in order to prove that C˜ admits
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a Frobenius lift, it suffices to infer it for U˜ . By functoriality of obstructions to lifting
Frobenius we obtain a diagram:
F ∗U/kLpi
(1)∗LX(1)/k ' Lpi∗F ∗X/kLX(1)/k
Lpi∗σF
X˜ //
F ∗
U/k
dpi(1)

Lpi∗OX [1]
'

F ∗U/kLU(1)/k
σF
U˜ // OU [1].
We consider a Frobenius pullback of a distinguished triangle of cotangent complexes
associated to the Gm-bundle pi(1) : U (1) → X(1):
F ∗U/kLpi
(1)∗LX(1)/k −→ F ∗U/kLU(1)/k −→ F ∗U/kLU(1)/X(1) ' OU −→ F ∗U/kLpi(1)∗LX(1)/k[1],
where the isomorphism in the middle follows from the standard property of Zariski
locally trivial Gm-bundles. By the long exact sequence of Ext(−,OU ) groups we obtain
an exact sequence:
. . . −→ Ext1(OU ,OU ) −→ Ext(F ∗U/kLU(1)/k,OU ) −→ Ext1(F ∗U/kLpi(1)∗LX(1)/k,OU ) −→ · · · ,
and therefore it suffices to prove that Ext1(OU ,OU ) = 0. This follows from the isomor-
phisms Ext1(OU ,OU ) ' H1(U,OU ) ' H1(X,
⊕
k∈ZOX(k)) and the assumptions.
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Chapter 4
Basics of characteristic p
geometry
Before proceeding to the considerations concerning deformation theory, we present a
few tools useful in the study of characteristic p schemes. In §4.1 and §4.2, we give a
very brief introduction to p-adic Weil cohomology theories and the notion of ordinarity.
Then, in §4.3 we recall the so-called Cartier isomorphism describing cohomology sheaves
of the de Rham complex. In §4.4, following the exposition of [MR85], we review the
definition and basic properties of Frobenius split schemes. Finally, in §4.5, we focus
on singularities of characteristic p > 0 schemes. We recall the standard definitions of
so-called F -singularities and present a few useful examples.
4.1 Characteristic p cohomology theories
Since we deal with pathological behavior of characteristic p schemes, we need the fol-
lowing tools, which allows one to control their interesting cohomological behaviour. We
begin with an overview of Weil cohomology theories. Let k be a base field, and let F be
a characteristic zero field, considered as ring of coefficients for the cohomology theory.
Definition 4.1.1. A Weil cohomology theory is a contravariant functor H• from the
category Smoothk of smooth varieties to the category GrAlgF of graded commutative
algebras over F together with the following structure:
1. for every X, a linear trace map TrH•X : H
2 dimX(X)→ F
2. for every X, and for every closed irreducible subvariety Z → X of codimension c,
a cohomology class cl(Z) ∈ H2c(X)
satisfying certain conditions concerning pullback maps f∗, for every f : X → Y , and
multiplication ∪ : H•(X)⊗F H•(X)→ H•(X) (see [And04, Section 3.3] for the details).
The most elementary example of a Weil cohomology theory is the C-linear singular
cohomology theory Hsing(X,C) defined varieties over C. Unfortunately, due to its in-
herently transcendental nature and relative coarseness of the Zariski topology, it cannot
be generalized to arithmetic or characteristic p geometry.
4.1.1 `-adic cohomology
A way to overcome this problem, proposed by Grothendieck, is to generalize the concepts
of an open covering in order to obtain some additional flexibility. This leads to the
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notions of a site, a topos (category of sheaves on a site) and cohomology on a topos.
In the special case, when the site is generated by jointly surjective e´tale morphisms, we
obtain the so-called e´tale cohomology theory H•e´t(X,−) which behaves well for torsion
coefficients. Fixing a prime `, and considering a limit
H•e´t(X,Q`)
def
=
(
lim
n
H∗e´t(Xk, Z/`
nZ)
)
⊗Z` Q`,
we obtain the so-called `-adic cohomology theory with values in Q`. This theory works
well only if ` is relatively prime to the characteristic of the base field k, and in this case
gives a Weil cohomology theory (see [Mil80]). Moreover in characteristic zero, for torsion
coefficients, it is related with the singular cohomology by means of the comparison
isomorphism of Artin.
Example 4.1.2. Let k be a field of characteristic p. By induction, using the Artin-
Schreier sequence 0 −→ Fp −→ OP1 −→ OP1 −→ 0, we see that H i(P1k,Z/pn) = 0, for
i > 0 and therefore H ie´t(X,Qp) = 0.
4.1.2 Crystalline cohomology
Let us consider the category of smooth projective schemes defined over a perfect field
of characteristic p. In order to remedy the problem described above and capture the p-
adic behaviour of cohomology, based on ideas of Grothendieck, Berthelot (see [Ber74])
constructs the so-called crystalline cohomology H•crys(X/W ) with values in the ring
of Witt vectors W (k). As above, it arises as a limit of cohomology groups over tor-
sion rings. More precisely, to every scheme one associates a sequence of ringed topoi
(Xcrys,n,OXcrys,n/Wn ), which lead to a sequence of cohomology groups H•crys(X/Wn)
def
=
H•(Xcrys,n,OXcrys,n/Wn ). Taking the limit as n→∞, one define
H•crys(X/W )
def
= lim
n
H•crys(X/Wn).
It turns out that up to p-torsion the functor H•crys(X/W ) gives a Weil cohomology
theory with values in the fraction field Frac W (k). Moreover, by means of the short
exact sequence:
0 −→ Hncrys(X/W )⊗W k −→ HndR(X/k) −→ Tor1W (Hn+1crys (X/W ), k) −→ 0,
its torsion describes interesting phenomena of characteristic p geometry (e.g., lack of
Hodge degeneration [Mum61]). In the special case, when a variety X admits a lifting
X over the ring of Witt vectors W (k), the crystalline cohomology is isomorphic to the
relative de Rham cohomology H•dR(X/W ). A good reference for the above is the book
[BO78].
4.1.3 de Rham–Witt complex and Hodge–Witt cohomology
In the interesting cases, the assumption of existence of a Witt vector lifting is usually not
satisfied. Furthermore the crystalline site is difficult to grasp, and therefore it is natural
to ask whether crystalline cohomology can be computed from coherent cohomology on
a scheme closely related to X. Affirmative answer to the question is provided by the
construction of the so-called Rham–Witt procomplex WnΩ
•
X . The relation with the
crystalline topos is explained by the quasi-isomorphism:
WnΩ
•
X ' Run∗OXcrys,n/Wn ,
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where un : Xcrys,n → X is a natural morphism of topoi. Consequently, the hypercoho-
mology groups H•(X,WnΩ•X) compute the crystalline cohomology H
•
crys(X/Wn). In the
limit ([Ill79, Proposition 2.1, p. 607]), one obtain a complex of W -modules WΩ•X and
isomorphisms:
H•crys(X/W ) ' limn H
•
crys(X/Wn) ' limn H
•(X,WnΩ•) ' H•(X,WΩ•X).
The natural filtration F iWΩ•X = WΩ
•≥i
X of the de Rham–Witt complex leads to a
spectral sequence
Hj(X,WΩiX)⇒ Hncrys(X/W ),
which degenerates after twisting with the fraction field of W . In order to control the
behaviour of the p-torsion one define the Hodge–Witt cohomology
HnHW(X) =
⊕
i+j=n
Hj(X,WΩiX).
Generalized from the ring of Witt vectors, the de Rham–Witt complex, and hence
the Hodge-Witt cohomology groups, admits a pair of operators F, V (Frobenius and
Verschiebung) satisfying the relationship FV = p = V F . All the above results can be
found in [Ill79].
4.1.4 Blow-up formulas
In this section, we review formulas for the cohomology groups of the blow-up of a
smooth proper scheme X along a smooth subscheme Z. It turns out that to deduce the
blow-up formulas for different cohomology theories it suffices to give a single motivic
decomposition in the category of Chow motives CMk (see [And04, Section 4]). More
precisely, there exists a functor M : Smoothk → CMk such that every Weil cohomology
theory (in fact every cohomology theory admitting cycle class maps and actions by
correspondences) factors through M .
Proposition 4.1.3 ([Voe00, 3.5.3]). Suppose that X is a smooth proper scheme over a
field k, Z ⊂ X a smooth closed subscheme of codimension c. Then there is a decompo-
sition of Chow motives:
M(BlZ X) = M(X)
c−1⊕
i=1
M(Z)(i)[2i].
As an immediate corollary we see that
Corollary 4.1.4. Suppose that X is a smooth proper scheme over a field k, Z ⊆ X a
smooth closed subscheme of codimension c. Let Hn denote one of the following families
of functors of smooth projective varieties X:
(1) Hne´t(X ⊗ k¯,Z`) for some ` invertible in k, treated as a Gal(k¯/k)-module,
(2) (if k is perfect of characteristic p > 0) Hncrys(X/W (k)), the integral crystalline
cohomology, a W (k)-module with a σ-linear endomorphism induced by the Frobenius,
(3) HndR(X) = H
n(X,Ω•X/k), the algebraic de Rham cohomology, endowed with the
Hodge filtration,
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(4) HnHdg(X) =
⊕
p+q=nH
q(X,ΩpX/k), Hodge cohomology, a graded k-vector space,
(5) HnHW (X) =
⊕
p+q=nH
q(X,WΩpX), Hodge–Witt cohomology, a graded W (k)-module
endowed with σ±1-linear endmorphisms F and V satisfying FV = p = V F ,
(6) (if n is even) An/2(X), the n2 -th Chow group of X (treated as an abelian group).
Moreover, let −(n) denote the Tate twist, i.e., the tensor product with H2(P1)⊗n in
the appropriate tensor category. Then there is a natural isomorphism of objects in the
appropriate category as listed above
Hn(BlZ(X)) = H
n(X)⊕
c−1⊕
i=1
Hn−2i(Z)(i).
Proof. This follows from Proposition 4.1.3 and the fact that the cohomology theories
H above all admit cycle class maps and actions by correspondences. For `-adic and
crystalline cohomology this is well-known, and for Hodge and Hodge–Witt cohomology
it follows from the work of Chatzistamatiou and Ru¨lling [CR11].
4.2 Hodge–de Rham spectral sequence, ordinarity and the
Hodge–Witt property
Let X be a smooth proper scheme over k. The first hypercohomology spectral sequence
of the de Rham complex Ω•X/k,
Eij1 = H
j(X,ΩiX/k) ⇒ H i+jdR (X/k) := H i+j(X,Ω•X/k),
is called the Hodge–de Rham spectral sequence of X. We say that it degenerates if it
degenerates on the first page, i.e., there are no nonzero differentials. As X is proper,
the cohomology groups are finite dimensional, and hence the degeneration is equivalent
to the condition that
dimHndR(X/k) =
∑
p+q=n
dimHq(X,ΩpX/k) for all n ≥ 0. (4.1)
The Hodge–de Rham spectral sequence of X degenerates if k is of characteristic zero,
or if dimX ≤ p = char k and X lifts to W2(k) (cf. Corollary 5.2.3).
Definition 4.2.1. The scheme X is called ordinary (in the sense of Bloch and Kato)
if it the Frobenius F : Hq(X,WΩpX) → Hq(X,WΩpX) on Hodge–Witt cohomology is
bijective for all p and q
Let us recall that BiX denote the sheaves of coboundaries in the de Rham complex Ω
•
X/k.
Proposition 4.2.2 ([BK86, Proposition 7.3]). A scheme X is ordinary if and only if
Hj(X,BiX) = 0
Remark 4.2.3. In fact in [BK86, Proposition 7.3]) one can find a few other equivalent
characterizations of ordinarity.
Definition 4.2.4 (Hodge-Witt). We say that X is Hodge-Witt if for i, j ≥ 0, the
Hodge–Witt cohomology groups H i(X,WΩjX) are finitely generated W (k)-modules. It
is called Hodge–Witt if the Hodge–Witt groups Hq(X,WΩpX) are finitely generated
W (k)-modules.
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It follows from [IR83, IV 4] that X is Hodge–Witt if it is ordinary, and that X × Y
is ordinary if X and Y are.
Corollary 4.2.5. Suppose that X is a smooth proper scheme over a field k, Z ⊆ X a
smooth closed subscheme of codimension > 1. Then
1. The Hodge–de Rham spectral sequences of Z and X degenerate if and only if the
Hodge–de Rham sequence of BlZ X degenerates.
2. The scheme BlZ(X) is ordinary (resp. Hodge–Witt) if and only if both X and Y
are ordinary (resp. Hodge–Witt).
Proof. The first assertion follows from Corollary 4.1.4 for HndR and H
n
Hdg and (4.1). For
the latter, use Corollary 4.1.4 for HnHW and the characterizations given above.
Definition 4.2.6 (Weakly ordinary). Let X be a smooth scheme over a perfect field
k. We say that X is weakly ordinary if the natural Frobenius action F ∗ : H i(X,OX)→
H i(X,OX) is bijective, for every i ≥ 0.
Proposition 4.2.7. Let X be an abelian variety. Then the following are equivalent:
(1) X is ordinary,
(2) X is weakly ordinary,
(3) the natural Frobenius action F ∗ : H1(X,OX)→ H1(X,OX) is bijective,
(4) the natural Frobenius action F ∗ : Hn(X,OX)→ Hn(X,OX) is bijective.
Proof. The equivalence of (1) and (2) is the content of [MS87, Lemma 1.1]. For the equiv-
alence of (2), (3) and (4) we first observe that for an abelian variety F ∗ : H i(X,OX)→
H i(X,OX) can be identified, using Ku¨nneth formula, with the i-th exterior power of
F ∗ : H1(X,OX) : H1(X,OX). Therefore, F ∗ : H i(X,OX) → H i(X,OX) is bijective if
and only if F ∗ : H1(X,OX)→ H1(X,OX) is bijective if and only if F ∗ : Hn(X,OX)→
Hn(X,OX) is bijective.
Proposition 4.2.8. X is weakly ordinary if and only if H i(X,B1X) = 0 for any i ≥ 0.
Proof. This is a straightforward consequence of the long exact sequence of cohomology
for
0 −→ OX −→ F∗OX −→ B1X −→ 0.
4.3 Cartier isomorphism
We begin with a classical result of Cartier describing cohomology sheaves of de Rham
complex Ω•X/S of a given smooth morphism X → S of schemes defined over k. We
denote by ZiX/S (resp. B
i
X/S) the sheaves of cocycles (resp. coboundaries) in the OX(1)-
linear de Rham complex FX/S∗Ω•X/S . For the sake of brevity, after [MR85, Section 2], we
adopt the following convention. Let x1, . . . , xn be a system of parameters around a given
closed point x of a smooth scheme X over k, and let α = (α1, . . . , αn) be a sequence of
rational numbers. By xα we mean the element xα11 · · ·xαnn iff all αi are integral and 0
otherwise. Moreover, we denote by dx the differential form dx1 ∧ · · · ∧ dxn and by 1/dx
the corresponding local section of ω−1X .
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Theorem 4.3.1. Let X → S be a smooth morphism of schemes defined over a per-
fect field k of characteristic p > 0. Then the association OX(1) 3 f ⊗ s 7→ sfp−1df
(mod B1X/S) ∈ H1(FX/S∗Ω•X/S) is a k-derivation such that the corresponding OX(1)-
linear mapping given by d(f ⊗ s) 7→ sfp−1df (traditionally called inverse Cartier trans-
formation and denoted by C−1)
C−1 : Ω1
X(1)/S
→ H1(FX/S∗Ω•X/S) = Z1X/S/B1X/S
is an isomorphism. Moreover, the natural graded commutative extension
C−1 :
⊕
Ωi
X(1)/S
[−i]→
⊕
Hi(FX/S∗Ω•X/S)[−i]
defined by the formula
d(f1 ⊗ 1) ∧ . . . ∧ d(fi ⊗ 1) 7→ C−1(df1) ∧ . . . ∧ C−1(dfi) (mod BiX/S)
is an isomorphism of sheaves of graded commutative algebras.
Proof. For the proof, see [Kat70, Theorem 7.2]
As a consequence, we obtain a system of short exact sequences of OX(1)-modules
0 −→ BnX/S −→ ZnX/S −→ ΩnX(1)/S −→ 0.
In particular, for n = dimX we get a surjective morphism F∗ωX(1)/S = Z
dimX/S
X/S →
Ω
dimX/S
X(1)/S
= ωX(1)/S which is traditionally called trace of Frobenius and denoted by
TrX/S .
Remark 4.3.2. For S = Spec(k), where k is a perfect field, one can identify the schemes
X and X(1) via the natural k-semilinear isomorphism WX/k (cf. §1.4) and interpret the
above theorem as a statement about sheaves on a given scheme X. In particular, in
this manner we obtain inverse Cartier transformations ΩiX/k → ZiX/BiX , where is ZiX
(resp. B1X) is an OX -subsheaf of F∗ΩiX/k of closed (resp. exact) differential i forms, and
a system of short exact sequences of OX -modules
0 −→ BiX −→ ZiX −→ ΩiX/k −→ 0.
Again, in the case i = dimX we get a surjective morphism F∗ωX = ZdimXX → ΩdimXX/k =
ωX referred to as THE trace of Frobenius and denoted by TrX .
It turns out that the trace of Frobenius can be locally described as follows.
Proposition 4.3.3. Let x be a closed point of X. Then locally around x there exists a
coordinate system x1, . . . , xn such that
TrX(x
αdx) = x(α−p+1)/pdx.
Proof. First, we observe that the inverse Cartier transformation is defined by the formula
dx 7→ xp−1dx. Moreover, by a direct computation we see that for any α such that
(α− p+ 1)/p is not integral the differential form xαdx is exact. Combining these two
observations, we obtain the claim.
49
4.4 Frobenius splittings
[] We now recall a few basic facts concerning the notion of Frobenius splitting. The
notion first appeared in [MR85] in the study of properties of homogeneous spaces and
Schubert varieties.
Definition 4.4.1 (Frobenius-split). We say that a characteristic p > 0 scheme X is
Frobenius-split if the natural mapping F# : OX → F∗OX is split, i.e., there exists an
OX -linear mapping s : F∗OX → OX such that s ◦ F# equals the identity on OX .
4.4.1 Consequence of existence of a Frobenius splitting
Here, we prove a few properties of Frobenius-split schemes.
Proposition 4.4.2 ([BK05, Proposition 1.2.1]). Any Frobenius-split scheme X is re-
duced.
Proof. Since X is Frobenius-split, there exists an OX -linear mapping s : F∗OX → OX
such that s(gp) = g for any open U ⊂ X and g ∈ OX(U). To prove our claim, it
suffices to prove that any nilpotent section f ∈ OX(U) is 0. Potentially taking a higher
multiple we assume that fp
ν
= 0 and ν ≥ 0 is the smallest possible. If ν ≥ 1 then
fp
ν−1
= s((fp
ν−1
)p) = s(fp
ν
) = 0 contradicting the choice of ν. Therefore ν = 0 and we
are done.
Now, we present a standard characteristic p technique useful in proving vanishing the-
orems.
Proposition 4.4.3 ([BK05, Lemma 1.2.7]). Let X be a smooth Frobenius-split scheme
over k and let L be an ample line bundle. Then for any i > 0 we have H i(X,ωX⊗L) = 0.
Proof. First, using Serre duality, we observe that it suffices to prove that Hj(X,L−1)
for any j < dimX. Since F# : OX → F∗OX is split, we obtain an injective mapping
Hj(X,L−1)→ Hj(X,F∗OX ⊗ L−1) ' Hj(X,F∗L−p) = Hj(X,L−p),
where the isomorphism follows from the projection formula. By iterating the above
procedure, we get an injection Hj(X,L−1) → Hj(X,L−pν ) for any ν ≥ 1. Since L is
ample, by Serre vanishing, we see that Hj(X,L−pν ) = HdimX−j(X,ωX ⊗ Lpν ) = 0 for
ν large enough. Hence, the proof is finished.
4.4.2 Criteria for splittings
Following the presentation in [MR85, Section 2], we now present a few criteria for
existence of a Frobenius splitting. Throughout X denotes a smooth variety defined over
k. First, we sketch the proof of so-called Grothendieck’s duality in the case of Frobenius
morphism. Let M be a locally free sheaf on X. The OX -linear association
F∗M⊗ F∗Hom(M, ωX) 3 m⊗ φ 7→ TrX(φ(m)) ∈ ωX
gives rise to a mapping dM : F∗Hom(M, ωX)→ Hom(F∗M, ωX) defined by the formula
φ 7→ TrX ◦φ. It turns out that dM is an isomorphism.
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Proposition 4.4.4. Let M be a locally free sheaf on X. Then the natural map
dM : F∗Hom(M, ωX)→ Hom(F∗M, ωX)
is an isomorphism.
Proof. The statement is local on X and therefore it suffices to prove it on an open
U ⊂ X trivializing M such that there exists a system of local parameters x1, . . . , xn.
The sheaf F∗Hom(M, ωX) is then locally generated by homomorphisms hα : FM → ωX ,
for α = (α1, . . . , αn) satisfying 0 ≤ αi ≤ p − 1, defined by the formula hα(xβ) = dx if
α = β and 0 otherwise. Using Prop. 4.3.3 we see that dM(hα)(xγ) = x(α+γ−p+1)/pdx and
therefore dM(hα) = gp−1−α, where gγ is the generating set for Hom(F∗M, ωX) defined
by the formula gγ(x
β) = dx if γ = β and 0 otherwise.
As a corollary we see that
Corollary 4.4.5. There exists a natural isomorphism F∗ω
1−p
X ' Hom(F∗OX ,OX) de-
scribed by the association xα/dxp−1 7→ (xβ 7→ x(α+β−p+1)/p). The section η ∈ F∗ω1−pX
gives a splitting if and only if there exists a point x and a system of local param-
eters x1, . . . , xn such that x
p−1 appears with non-zero coefficient in the expansion of
ηx ∈ ωX,x ⊗ ÔX,x, where ÔX,x is the completion of the local ring of x.
Proof. This is a direct consequence of the above Prop. 4.4.4. For a complete proof see
[MR85, Prop. 5 and Prop. 6].
Using Serre duality one can prove the following simple criterion.
Proposition 4.4.6. Let X be a smooth scheme over k. Then X is Frobenius-split
if and only if the natural mapping HdimX(X,ωX) → HdimX(X,ω⊗pX ) induced by the
OX ⊗ ωX → F∗OX ⊗ ωX is injective (or equivalently nonzero).
Proof. For the proof, see [MR85, Proposition 9].
4.4.3 Canonical splittings for abelian and Calabi-Yau varieties
We shall now apply the above criteria in case of weakly ordinary (cf. Definition. 4.2.6)
Calabi-Yau manifolds to obtain canonical Frobenius splittings of such varieties. We
begin with a definition.
Definition 4.4.7 (Calabi-Yau variety). We say that a smooth variety X over a field k
is Calabi-Yau if ωX/k ' OX and H i(X,OX) = 0 for 0 < i < dim(X).
Proposition 4.4.8. Let X be either a Calabi-Yau or an abelian variety defined over a
perfect field k. The X is Frobenius-split if and only if it is weakly ordinary. If a splitting
exists then it is unique.
Proof. First, since X is Calabi-Yau, we see that H i(X,OX) = 0 unless i = 0 or i =
dimX. Therefore X is weakly ordinary if and only if the p-linear action of Frobenius
on the top cohomology groups HdimX(X,OX) → HdimX(X,OX) is bijective. Using
Proposition. 4.4.6 this is equivalent to existence of a Frobenius splitting. To establish
uniqueness, we observe that the set of splittings is a torsor under H0(X, (B1X)
∨). Using
Serre duality the last group is isomorphic to Hn(X,B1X) which is zero by weak ordinarity
(cf. Proposition. 4.2.8)
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4.5 F-singularities
In this section, we review the definitions and basic properties of F -singularities, that is,
singularity types defined in terms of the Frobenius morphism. In particular, we introduce
F -pure, strongly F -regular and F -rational singularities and provide a few illustrating
examples. Moreover, we present Fedder’s criterion for F -purity and its generalization
for strong F -regularity, proven by Glassbrenner. We do not intend to give a thorough
exposition of the topic. A reader willing to grasp the general theory can consult the
expository works like [TW15, ZKT14].
4.5.1 Convention and basics results
Throughout this section R denotes a noetherian ring of characteristic p. We say that
R is F -finite if F∗R is a finitely generated R-module. For example, the F -finiteness
assumption is satisfied in the case of essential finite type algebras over a field k of
characteristic p. For a reduced F -finite ring R, and for any e > 0, we identify F e∗R with
the ring R1/p
e
of pe-th roots of elements of R. In this setting, the Frobenius morphism
r 7→ rpe is identified with the natural inclusion r 7→ r = (r1/pe)pe . For any ideal I we
denote by I [p
e] the extension of I along the Frobenius morphism, i.e., the ideal generated
by p-th powers of generators of I. Using the convention involving pe-th roots this is an
ideal I · R1/pe . We denote by R◦ the set of elements in R which do not lie in any
minimal prime ideal. In what follows we do not distinguish between affine schemes and
their associated rings.
The interest in the Frobenius morphism in the context of properties of singular
schemes is motivated by the following result of Kunz.
Theorem 4.5.1 ([Kun69]). Let R be a noetherian ring of characteristic p. Then the
Frobenius morphism F : R→ R is flat (i.e., F∗R is a flat R-module) if and only if R is
regular.
Corollary 4.5.2. Let X be a locally noetherian scheme over Fp. Then X is regular if
and only if F∗OX is a flat OX-module.
Proof. Apply Theorem 4.5.1 to the stalks of OX .
Remark 4.5.3. In order to prove flatness of F : R→ R it suffices to establish it for every
localization in prime or maximal ideals.
We now proceed to the description of four basic characteristic p > 0 singularity
types: F -purity, F -regularity, F -rationality and F -injectivity.
4.5.2 F -purity
In the course of the proof that ring of invariants of linearly reductive groups acting on
regular rings are Cohen-Macaulay (cf. [HR76]), Hochster and Roberts introduced the
following notion of F -purity.
Definition 4.5.4. We say that a noetherian ring R is F -pure if the Frobenius morphism
R→ F∗R is split, i.e., the scheme Spec(R) is Frobenius-split (cf. §4.4).
Proposition 4.5.5. Let R be an F -finite noetherian ring. Then R is F -pure if and
only if Rp (resp. Rm) is F -pure for every prime (resp. maximal) ideal p (resp. m).
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Proof. The ring R is F -pure if and only if the natural evaluation at 1 ∈ F∗R map
ev1 : HomR(F∗R,R) 3 φ 7→ φ(1) ∈ R
is surjective. Since F∗R is a finitely generated R-module, taking modules of homomo-
morphism HomR(F∗R,R) commutes with localization, and hence we are done for an
R-module homomorphism is surjective if and only if its localizations are.
The property of F -purity turns out to be weaker then regularity (flatness of the
Frobenius by the above Theorem 4.5.1).
Proposition 4.5.6. Let R be a regular ring then R is F -pure.
Proof. First, we may assume that R is local with maximal ideal m. Over a local ring
every finitely generated module is in fact free, and therefore F∗R is free, spanned by the
lifts of the tangent space F∗R/mF∗R. The element 1 ∈ F∗R does not belong to mF∗R
and therefore we are done.
Along the lines of Prop. 4.4.2, we may prove that every F -pure ring is reduced. In
[Fed83], Fedder proved the following computational criterion for F -purity of quotients
of regular ring.
Lemma 4.5.7 ([Fed83, Proposition 1.7]). Let S be a F -finite regular ring such that F∗S
is a free S-module and let R = S/I. Then R is F -pure at the maximal ideal m ⊃ I (i.e.
Rm is F -pure) if and only if I
[p] : I 6⊂ m[p].
Example 4.5.8. Let R be a noetherian domain, and let I = (f) be a principal ideal.
Then I [p] : I = (fp−1) and hence R/(f) is F -pure at m if and only if fp−1 6∈ m[p]. As a
consequence we see that
1) k[x, y, z]/(x2 + y2 + zn+1) is F -pure for p ≥ 3,
2) k[x1, . . . , xn]/(x
2
1 + . . .+ x
2
n) is F -pure for every n ≥ 2 and p ≥ 3,
3) k[x1, . . . , xn]/(x
n
1 + . . .+ x
n
n) is F -pure if and only if p ≡ 1 (mod n),
4) k[x1, . . . , xn]/(x
k
1 + . . .+ x
k
n) is not F -pure if kdp−1n e ≥ p.
We give an exemplary computation in the first case. We suppose, towards the con-
tradiction, that (x2 + y2 + zn+1)p−1 ∈ (xp, yp, zp). By considering the natural homo-
morphism k[x, y, z] → k[x, y, z]/(z) ' k[x, y], we see that (x2 + y2)p−1 ∈ (xp, yp). But
(x2 + y2)p−1 =
∑
i+j=p−1 x
2iy2j = xp−1yp−1 6≡ 0 (mod xp, yp) which is a contradiction.
Proposition 4.5.9 ([SS10, Proposition 5.3]). Let X be a smooth projective scheme and
let L be an ample line bundle. Then ConeX,L is F -pure at the vertex (and hence at
every point) if and only X is Frobenius-split.
Remark 4.5.10. An F -pure rings is not necessarily Cohen-Macaulay. Indeed, using
Prop. 4.5.9 we see that for an abelian variety A over a perfect field k and an ample line
bundle L the cone ConeA,L is F -pure if and only if A is Frobenius-split. By Prop. 4.4.6
we see that A is Frobenius-split if and only the Frobenius action F ∗ : Hn(X,OX) →
Hn(X,OX) is injective. This in turn is equivalent to ordinarity by Prop. 4.2.7. There-
fore, ConeA,L is F -pure if and only A is ordinary. On the other hand, using Prop. 2.5.2
we see that ConeA,L is not Cohen-Macaulay unless dimA = 1.
53
4.5.3 F -regularity
In the paper [HH89], Hochster and Huneke distinguished the following class of rings
containing F -pure rings.
Definition 4.5.11 (strong F -regularity). Let R be a reduced F -finite ring of charac-
teristic p > 0. We say that R is F -regular if for any c ∈ R◦ the mapping R → F e∗R
defined by the formula 1 7→ c splits for some e 0.
Proposition 4.5.12 ([HH89, 3.1. Theorem]). Let R be a regular ring. Then R is
strongly F -regular.
Therefore the class of strongly F -regular rings refines the inclusion of regular rings
into F -pure rings. In the case of quotients of F -finite regular rings strong F -regularity
can be efficiently verified using the following generalization of Fedder’s criterion due to
Glassbrenner.
Lemma 4.5.13 ([Gla96, Theorem 2.3]). Let S be a F -finite regular ring such that F∗S
is a free S-module and let R = S/I. Let s be an element of S not in any minimal prime
of I such that Rs is regular. Then, R is strongly F -regular at the maximal ideal m if
and only if there exists an e ∈ N such that s(I [pe] : I) 6⊂ m[pe].
Again, note that the assumptions of the above lemma are satisfied for S = k[x1, . . . , xn]
and for S regular local.
Example 4.5.14. The ring R = k[x1, . . . , xn]/(x
n
1 + . . .+x
n
n) is not strongly F -regular.
Indeed, by the above criterion, since x1 ∈ R◦, it suffices to show that x1(xn1 +. . . xnn)p−1 ∈
(xp1, . . . , x
p
n). If p 6≡ 1 (mod n) then it is straightforward, since in this case for every
n integers i1, . . . , in of sum p − 1 there exists at least one strictly greater than p−1n .
Otherwise, we observe that
x1(x
n
1 + . . . x
n
n)
p−1 ≡ x1 · (xn1 · · ·xnn)
p−1
n ≡ 0 (mod xp1, . . . , xpn).
In the same paper [HH89], the authors relate the strong F -regularity with earlier
concepts of F -regularity and weak F -regularity defined using the following notion of
tight closure.
Definition 4.5.15. Let I be an ideal in R. We define the tight closure of I as an ideal
I∗ of elements x ∈ R such that there exists c ∈ R◦ satisfying cxpe ∈ I [pe] for every e 0.
We say that an ideal is tightly closed if it is equal to its tight closure.
Example 4.5.16. Let R = k[x, y, z]/(x2 + y3 + z7). It is easy to see that as k[y, z]-
module R is free, generated by elements 1 and x. We shall show that x 6∈ (y, z) but
x ∈ (y, z)∗, and thus (y, z) is not tightly closed. First claim is clear. For the second we
observe that
x · xpe = (x2) p
e+1
2 = (−y3 − z7) p
e+1
2
= (−1) p
e+1
2
 ∑
i+j= p
e+1
2
(pe+1
2
i
)
y3iz7j
 .
By a simple direct inspection, we see that either 3i ≥ pe or 7j ≥ pe. This finishes the
proof.
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Definition 4.5.17. Let R a noetherian ring. We say that R is weakly F -regular if
every ideal I in R is tightly closed. Moreover, we say that R is F -regular if any of its
localisations is weakly F -regular.
The peculiar distinction between weakly F -regular, F -regular and strongly F -regular
rings is a consequence of the fact that tight closure does not necesarilly commute with
localization.
Proposition 4.5.18. Any strongly F -regular ring is F -regular.
Proof. Since every localisation of a strongly F -regular ring is strongly F -regular (cf.
[HH89, Proposition 3.3]) it suffices to show that any ideal I = (x1, . . . , xm) in R is
tightly closed. Suppose x ∈ I∗. Then there exists c ∈ R◦ such that for any e  0 we
have
cxp
e
=
∑
i
fix
pe
i ,
for some elements fi ∈ R. Since R is strongly F -regular, we see that for sufficiently
large e there exists a homomorphism φ : F e∗R → R satisfying φ(c) = 1. Applying φ to
the relation above, we see that x =
∑
i xiφ(fi) and therefore x ∈ I. This proves that I
is tightly closed.
4.5.4 F-rationality and F -injectivity
For the lack of desingularisation and Grauert-Riemenschneider vanishing in character-
istic p > 0 one attempt to grasp the structure of singularities with properties similar to
rational in characteristic 0 using the following notion.
Definition 4.5.19 (F -rationality). Let (R,m) be a d-dimensional local ring of char-
acteristic p > 0. We say that R is F -rational if any ideal generated by a system of
parameters is tightly closed.
By the result of Smith [Smi97], we see that the above condition can be expressed in
a different manner involving Frobenius action on local cohomology.
Theorem 4.5.20 ([Smi97, Theorem 2.6]). Let (R,m) be a local ring of dimension d.
Then R is F -rational if and only if one of the following holds:
a) the ring R is Cohen–Macaulay, and for any c ∈ R◦, there exists e ∈ N such that
cF e : Hdm(R)→ Hdm(R) is injective,
b) the ring R is Cohen-Macaulay, and Hdm(R) has no proper non-trivial submodules
stable under the Frobenius action.
In the case of N-graded ring we have the following criterion of Watanabe.
Lemma 4.5.21 (Watanabe a-invariant, cf. [Sin98, Proposition 5.1.1]). Let (R,m) be
a Cohen–Macaulay N–graded ring of dimension d such that the punctured spectrum
Spec(R) \ {m} is F -rational. Then, if the invariant a(R) def= max{i ∈ Z : [Hdm(R)]i 6= 0}
satisfies the inequality a(R) < 0 then for any n  0 the Veronese subring R(n) is
F -rational.
In particular, we see that:
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Corollary 4.5.22. Let X be a smooth projective scheme of dimension d = dimX, and
let L be an ample line bundle. Suppose that Hd(X,OX) = 0, and for every j ∈ Z and
every 1 ≤ i ≤ d − 1 we have H i(X,Lj) = 0. Then for sufficiently large n the cone
ConeX,L⊗n is F -rational.
Proof. First, we see that by Prop. 2.5.2 the cone is Cohen-Macaulay. Next, since
Hd(X,OX) = 0, we can use Serre vanishing to prove that for sufficiently large n the we
have a(RX,L⊗n) < 0 and therefore we may apply Lemma 4.5.21 to conclude.
Example 4.5.23. By the computation in Example 4.5.16 we see that the ring:
k[x, y, z]/(x2 + y3 + z7)
is not F -rational at (x, y, z).
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Chapter 5
Classical results on mod p2 and
characteristic zero liftability
This chapter contains background results concerning mod p2 and characteristic zero
deformations. First, in §5.1, we present some basic results and give elementary examples.
Then, in §5.2, we give a few important results based on the assumption of W2(k)-
liftability. In §5.3, we investigate liftability of the Frobenius morphism. In particular, we
present a criterion which substantially restricts the class of Frobenius liftable varieties.
We apply it to prove that, except for a few counterexamples, hypersurfaces in Pn do
not lift to W2(k) compatibly with Frobenius. As it turns out it is not obvious to come
up with an example of a scheme which is non-liftable mod p2. For this reason, we defer
explicit counterexamples to §5.4 and §5.5.
5.1 Preliminary remarks
To lay the groundwork for our future considerations, we give with a few general remarks
on mod p2 and Frobenius liftability. We begin with considerations concerning non-
singular and local complete intersection schemes.
5.1.1 W2(k)-liftability
First, we express Proposition 3.6.7, which is concerned with obstruction theories for
deformation functors (cf. Definition 3.6.5), in the setting of smooth schemes.
Proposition 5.1.1. Let X be a smooth scheme defined over a perfect field k of character-
istic p > 0. Then the deformation functor DefX admits an obstruction theory with values
in H2(X, TX). Moreover, the tangent space to DefX is isomorphic to H1(X, TX/k).
Proof. Using Theorem 3.1.2 we first observe that LX/k ' Ω1X/k. Then the proof directly
follows from Proposition 3.6.7 using the isomorphisms:
Exti(Ω1X/k,OX) ' H i(X, TX/k), for i = 1, 2.
Corollary 5.1.2. Smooth affine schemes uniquely lift over every ring in ArtW (k)(k).
In fact using Theorem 3.1.2 (2) one sees that, except for uniqueness, the same result
holds for affine local complete intersection schemes. In the global setting, we have the
following proposition which suggests that among projective schemes the class of mod p2
liftable schemes is ubiquitous.
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Proposition 5.1.3. Let X be a complete intersection inside Pn defined over a perfect
field k. Then for every A ∈ ArtW (k)(k), in particular W2(k), there exists a flat A-lifting
of X.
Proof. Let d = codimPnX. By assumptions, there exists a sequence of homogeneous
elements f1, . . . , fd such that X = V (f1, . . . , fd). By [Sta17, Tag 00N6], we infer that
{f1, . . . , fd} is a regular sequence. Consequently, using Lemma 2.1.5 and Corollary 2.1.7,
we see that for every sequence {f ′1, . . . , f ′d} of homogeneous lifts of {f1, . . . , fd} the
scheme X˜ = V (f ′1, . . . , f ′d) is an A-flat lifting of X. This finishes the proof.
Remark 5.1.4. Using [Sta17, Tag 0523] and the Grothendieck’s existence theorem, the
above proof can be adapted to show that X in fact lifts to characteristic zero. This
means that the naive philosophy of lifting equations works for complete intersection
projective schemes.
5.1.2 Frobenius split schemes are mod p2 liftable
To illustrate usefulness of functoriality of obstruction classes for deformation problems,
we present an existential proof that Frobenius split schemes defined over a perfect field
k of characteristic p > 0 are mod p2 liftable. An explicit construction of a lifting of a
Frobenius split scheme is contained in §6.3.
Proposition 5.1.5 (B. Bhatt, cf. [Lan16, Proposition 8.4]). If X/k is a Frobenius split
scheme then X(1) lifts to W2(k).
Proof. For the case of smooth schemes the reader can see [Ill96, p. 164] or [Jos07,
Corollary 9.2]. The proof presented here is due to Bhargav Bhatt. The idea is to use
the functoriality of obstructions (see Lemma 3.4.2) for the relative Frobenius FX/k :
X → X(1). Namely, we have the following commutative diagram with a splitting ϕ:
LX(1)/k
σ
X(1) //
dFX/k

OX(1) [2]
F#

FX/k∗LX/k
FX/k∗σX // FX/k∗OX [2],
ϕ
ZZ
where σX (resp. σX(1)) is the W2(k)-liftability obstruction of X (resp. X
(1)). The
differential dFX/k = 0 and therefore by existence of the splitting σX(1) = 0.
Note that in case of varieties over a perfect field the W2(k)-liftability of X
(1) is in
fact equivalent to the liftability of X (by untwisting using the inverse of Frobenius).
5.1.3 Frobenius liftability
Trying to apply techniques of functors of Artin rings to deformations of the Frobenius
morphism, one encounters the problem that flat A-lifts of the Frobenius morphism of
a given scheme X are not morphisms over the base, but only commute with chosen
Frobenius lift of A. Such lifts are canonically defined only for the rings of Witt vectors,
and therefore a suitable base category consists of pairs (A,FA), where A is a ring and
FA : A→ A is a lift of Frobenius. Unfortunately, this category falls outside of the scope
of standard results in deformation theory. Leaving this problem aside, we focus on
W2(k)-deformations.
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Proposition 5.1.6. Let X be a smooth scheme defined over a perfect field k of char-
acteristic p > 0, and let X → X˜ be a deformation mod p2. Then the obstruction
class for existence of a compatible lifting of Frobenius lies in H1(X,F ∗TX). In case the
obstruction classes vanishes, the set of liftings is a torsor under H0(X,F ∗TX).
Proof. Using Theorem 3.1.2, we see that LX/k ' Ω1X/k, and therefore the claim follows
from Lemma 3.7.2 and the isomorphisms Exti(F ∗X/kΩ
1
X(1)/k
,OX) ' H i(X,F ∗TX), for
i = 0, 1.
Corollary 5.1.7. Smooth affine schemes admit (not necessarily unique) lifts of the
Frobenius morphism over W2(k).
In this direction, in §7.2, we develop an explicit criterion for Frobenius liftability
of affine complete intersection schemes. In the global case, unlike mod p2 liftability,
it is difficult to recognize a large class of examples of Frobenius liftable schemes. A
remarkable one is the class of toric varieties.
Example 5.1.8 (Frobenius liftability of toric varieties). Every (normal separated) toric
variety X defined over a perfect field k of characteristic p > 0 is Frobenius liftable.
Proof. It is well-known (see [Ful93, Section 1.4]) that X is covered by sets Ui isomorphic
to spectra of a k-algebras k[Mi] associated to finitely generated monoids Mi induced by
cones in the fan of the variety. The sets Ui admit Frobenius liftings given by W2(k)-
algebras W2(k)[Mi] and the corresponding Frobenius induced by the monoid mapping
Mi 3 m 7→ pm. This choice of local lifting glues to give a global Frobenius lifting of the
variety X.
One of the reasons for scarcity of globally Frobenius liftable schemes is the following
result. In particular, it implies that there are no Frobenius liftable smooth schemes of
positive Kodaira dimension.
Proposition 5.1.9 ([DI87, The´ore`me 2.1 (b)], [Xin16, Proposition 2.8]). If X is a
smooth Frobenius liftable scheme over a perfect field k then there exists an injective
morphism
F ∗X/kΩ
1
X(1)/k
→ Ω1X/k.
Remark 5.1.10. Let us rephrase the above statement in the setting of the absolute
Frobenius morphism. Using base change isomorphism, we see that Ω1
X(1)/k
'W ∗X/kΩ1X/k.
Therefore we obtain an injective morphism (cf. §1.4):
F ∗Ω1X/k ' F ∗X/kW ∗X/kΩ1X/k ' F ∗X/kΩ1X(1)/k → Ω1X/k.
5.2 Consequences of mod p2 liftability
5.2.1 Decomposition of the de Rham complex and Hodge–de Rham
spectral sequence
Theorem 5.2.1 ([DI87, The´ore`me 2.1]). Let X be a smooth scheme over a perfect field
k of characteristic p > 0. Suppose X˜ is a W2(k)-flat lifting of X. Then there exists a
quasi-isomorphism:
φX˜ :
⊕
i<p
Ωi
X(1)/k
[−i] ' τ<pFX/k∗Ω•X/k,
inducing the inverse Cartier isomorphism (see Theorem 4.3.1) on cohomology sheaves.
59
Remark 5.2.2. Instead of reproducing the whole proof, we refer to Theorem 5.3.1 for the
proof in the special case when X˜ admits a compatible lifting of the Frobenius morphism
F˜ : X˜ → X˜. The more general case follows by a glueing procedure based on Cˇech
resolution, which reduces the problem to the mentioned one.
As a simple corollary we obtain the degeneration of Hodge–de Rham spectral se-
quence (cf. §4.2) for varieties which can be lifted to W2(k).
Corollary 5.2.3 ([DI87, Corollaire 2.4]). Let X be a smooth scheme over a perfect field
k of characteristic p > 0. Suppose that dimX < p, and that X admits a W2(k)-lifting.
Then the Hodge–de Rham and conjugate spectral sequences degenerate at the first page.
Remark 5.2.4. Using standard techniques, the above result also leads to a simple, alge-
braic proof of Kodaira-Akizuki-Nakano vanishing.
5.2.2 Ogus-Vologodsky and Bogomolov-Miyaoka-Yau inequality
Under the assumption of W2(k)-liftability Ogus and Vologodsky (see [OV07]) con-
structed equivalence between certain categories of vector bundles equipped with ad-
ditional structures (Higgs fields and integrable connections satisfying nilpotence condi-
tions). Their construction was based on a careful analysis of the torsor of local Frobenius
liftings. The correspondence was then applied by Langer to prove the following charac-
teristic p version of Bogomolov–Miyaoka–Yau inequality.
Theorem 5.2.5 ([Lan15, Theorem 13]). Let X be a smooth projective surface of non-
negative Kodaira dimension. Assume that X can be lifted to W2(k). If p ≥ 3 then
3c2(X) ≥ c21(X).
Remark 5.2.6. As we outlined in the introduction, one can prove, using flat invariance
of intersection numbers, that the same assertion holds if X lifts to characteristic zero.
5.3 Further remarks on Frobenius liftability
Here we present some further results concerning Frobenius liftability. We begin be show-
ing that it has certain cohomological implications, which lead to partial classification
results.
5.3.1 Results of Buch-Thomsen-Lauritzen-Mehta
In [BTLM97] one finds the following strengthening of the result of Deligne and Illusie.
Lemma 5.3.1 ([BTLM97, Theorem 2]). Suppose X is a smooth Frobenius liftable
scheme over a perfect field k of characteristic p > 0. Then there is a split quasi-
isomorphism of sheaves of differential graded algebras
⊕
i Ω
i
X/k[−i] → F∗Ω•X/k, which
induces Cartier isomorphism on cohomology.
As a corollary the authors obtain the following vanishing theorem for Frobenius
liftable varieties.
Definition 5.3.2. We say that a projective variety X/k satisfies Bott vanishing if for
any ample line bundle L on X we have:
H i(X,ΩjX/k ⊗ L) = 0 for any i > 0 and j ≥ 0.
60
Remark 5.3.3. Using Serre vanishing we see that Bott vanishing is equivalent to the
vanishing:
H i(X,ΩjX/k ⊗ L−1) = 0 for any i < dimX and j ≥ 0,
for every ample line bundle L on X.
Theorem 5.3.4 ([BTLM97, Theorem 3]). Let X/k be a smooth Frobenius liftable vari-
ety. Then X satisfy Bott vanishing.
Proof. By Lemma 5.3.1, for any j ≥ 0 we obtain a split monomorphism ΩjX/k ↪→ F∗ΩjX/k.
After twisting with an ample line bundle L and using projection formula we get a split
monomorphism ΩjX/k ⊗ L ↪→ F∗(ΩjX/k ⊗ Lp). By taking cohomology, for any i > 0 we
obtain an injection H i(X,ΩjX/k⊗L) ↪→ H i(X,ΩjX/k⊗Lp), which by inductive arguments
implies that H i(X,ΩjX/k ⊗ L) ↪→ H i(X,ΩjX/k ⊗ Lp
n
) for any n ≥ 1. This finishes the
proof because by Serre vanishing H i(X,ΩjX/k ⊗ Lp
n
) = 0 for n large enough
Corollary 5.3.5. Every Frobenius liftable Fano variety X of dimension dimX ≥ 2 is
rigid, that is, H1(X, TX) = 0.
Proof. Since ωX is anti-ample, using Serre duality and Remark 5.3.3, we see that
H1(X, TX) = HdimX−1(X,Ω1X/k ⊗ ωX) = 0.
This leads to the following classifying result. In the proof we follow [Xin16], where
the case of surfaces is considered.
Proposition 5.3.6 (Extension of [Xin16]). Let X be a hypersurface in Pn, for n ≥ 4,
of degree d ≥ 3. Then X is not Frobenius liftable.
Proof. Suppose X is Frobenius liftable. Let d be the degree of X. First, using adjunction
formula, we observe that the canonical line bundle ωX is isomorphic to OX(d− n− 1).
By Proposition 5.1.9 we see that there exists an injective morphism ψ : F ∗Ω1X/k → Ω1X/k,
which induces an injective determinant map
∧n ψ : ω⊗pX ' F ∗ωX → ωX . If d > n + 1
this gives a contradiction.
If d = n+ 1 then the determinant map is a non-zero endomorphism of a trivial line
bundle and thus an isomorphism. This implies that ψ itself is an isomorphism, and thus
Ω1X/k is Frobenius stable (we say that E is Frobenius stable if F ∗E ' E). By [LS77,
1.4 Satz], the cotangent bundle is therefore e´tale trivialisable and hence trivial (using
Lefschetz for the fundamental group pi1(X)). However, since H
1(X,OX) = 0, the long
exact sequences associated with the short exact sequence:
0 −→ OX(−d) −→ Ω1Pn|X −→ Ω1X/k ' On−1X −→ 0 (5.1)
and the Euler sequence:
0 −→ Ω1Pn|X −→ OX(−1)⊕n+1 −→ OX −→ 0, (5.2)
imply that
n− 1 = dimkH0(X,O⊕n−1X )
= dimkH
0(X,Ω1Pn|X)
≤ dimkH0(X,OX(−1)⊕n+1) = 0,
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which gives a contradiction. Finally, if d < n+ 1 then X is Fano. Using Corollary 5.3.5,
we therefore see that X is rigid. However, from the long exact sequences associated with
the duals of (5.1) and (5.2), we obtain a diagram with exact rows a columns:
H0(X,OX(1)⊕n+1)

H1(X,OX(1)⊕n+1) = 0

. . . // H0(X, TPn|X) //

H0(X,OX(d)) // H1(X, TX) // H1(X, TPn|X) //

. . .
H1(X,OX) = 0 H2(X,OX) = 0,
Since d ≥ 3 and n + d ≥ 7, this implies that (the hypersurfaces in question are
projectively normal)
dimkH
1(X, TX) ≥ dimH0(X,OX(d))− dimkH0(X, TPn|X)
≥
((
n+ d
d
)
− 1
)
− ((n+ 1)2 − 1)
=
(
n+ d
3
)
− (n+ 1)2
=
n+ d
6
· (n+ d− 1)(n+ d− 2)− (n+ 1)2 > 0.
Remark 5.3.7. Unsurprisingly, the estimates in the second line of the above computation
correspond to the dimension of the linear system |OPn(d)|, and the dimension the group
PGLN , that is, the automorphism group of Pn.
The Bott vanishing was used in [BTLM97, Theorem 6] to give a partial classification
of Frobenius liftable projective homogeneous spaces.
Theorem 5.3.8 ([BTLM97]). Let G be a semi-simple algebraic group defined over a
perfect field k of characteristic p, and let P be a parabolic subgroup. Assume that either
G is of type A and G/P is not a projective space, or that P is contained in a maximal
parabolic subgroup as listed in [BTLM97, 4.3.1–4.3.7]. Then the homogeneous space
G/P does not admit a W2(k)-lifting compatible with Frobenius.
Remark 5.3.9. The class of homogeneous spaces satisfying the assumptions of the above
theorem contains in particular Grassmannians Gr(n, k) (1 < k < n−1), full flag varieties
SLn /B (n ≥ 3, B = upper-triangular matrices), or smooth quadric hypersurfaces in Pn,
n ≥ 4. Presumably all homogeneous spaces which are not toric (i.e., not a product of
projective spaces) do not admit a lift to W2(k) together with Frobenius.
In a similar direction, we have the following result of Paranjape and Srinivas.
Theorem 5.3.10 ([PS89, Theorem]). Let G be a semi-simple, simply connected alge-
braic groups over an algebraically closed field k. Let X be a homogeneous space for G.
Then X admits a characteristic zero lifting compatible with Frobenius morphism if and
only if X '∏Pni, for some integers ni.
5.3.2 Local Frobenius liftability and finite-generation of crystalline co-
homology
In [Bha12], Bhatt generalised the results of Deligne and Illusie (cf. Theorem 5.2.1) to
the singular context. More precisely, he shows that a certain derived version of the de
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Rham complex decomposes as a direct sum of exterior powers of the cotangent complex.
Using this results together with a comparison theorem between derived de Rham and
crystalline cohomology he proves the following:
Theorem 5.3.11 ([Bha14, Proposition 3.1]). Let X be a proper local complete intersec-
tion scheme over k. Assume there exists an isolated singular closed point x ∈ X such
that there exists a Frobenius lifting of the neighbourhood of x. Set N = dimk(x) mx/m
2
x.
Then there exists an integer 0 < i ≤ N such that:
1) HNcrys(X/k) is infinitely generated over k,
2) HN−icrys (X/k) is infinitely generated over k,
3) At least one of HN+1crys (X/W )[p] and H
N
crys(X/W )/p is infinitely generated over k,
4) At least one of HN+1−icrys (X/W )[p] and HN−icrys (X/W )/p is infinitely generated over k.
5.4 Classical examples of non-liftable schemes
In this section we present two classical results concerning non-liftability of schemes. In
the first case we only give a general overview of constructions and proofs. The second
example, described in details, serves as an evidence of subtlety of the matter.
5.4.1 Serre’s example
The first example of a non-liftable scheme appeared in [Ser61]. It is given as a quotient
of a hypersurface in Pn, for n ≥ 4, by a carefully chosen p-group G ⊂ PGLn.
Proposition 5.4.1 ([FGI+05, Corollary 8.6.7, Section 8.7]). Let r, n be integers such
that 2 < r < n, and let p be a prime satisfying p > n+ 1. Let G = Fsp, with s > n+ 1.
There exists an action of G on Pn, and a smooth, complete intersection Y0 of dimension
r in Pn, stable under the action of G and on which G acts freely, and such that the
smooth, projective scheme X0 = Y0/G has the following property. Let A be a noetherian
ring with residue field k and such that p 6= 0. Then there exists no scheme X, flat over
A, lifting X0. In particular, X does not lift neither over W2(k) nor to characteristic
zero.
Remark 5.4.2. The above result provides a counterexample to Lemma 3.7.1, if the degree
of the morphism pi is divisible by p.
5.4.2 Examples arising from Kodaira fibrations
We shall now present an example of a surface of general type violating Bogomolov-
Miyaoka-Yau inequality and thus non-liftable neither to characteristic 0 nor to W2(k)
(cf. Theorem 5.2.5 and Remark 5.2.6). The idea behind the example and most of the
considerations are taken from [Szp81, Expose´ III & IV]. The construction is based on
existence of so-called Kodaira fibrations.
Definition 5.4.3 (Kodaira fibration). We say that a morphism f : X → C is a Kodaira
fibration if X is a smooth projective surface, C is a smooth projective curve of genus
gC ≥ 2 and f is a smooth non-isotrivial morphism with genus of the fibres equal to
gF ≥ 2.
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Given a Kodaira fibration, we obtain a non-liftable scheme by the following:
Theorem 5.4.4. Suppose f : X → C is a Kodaira fibration. Then for n ∈ N sufficiently
large the surface X(n/C) = X ×FnC ,C C violates the Bogomolov-Miyaoka-Yau inequality,
and therefore lifts neither to characteristic 0 nor to W2(k).
Proof. We begin by observing that by the Noether’s formula for any surface S we have:
χ(OS) = c1(S)
2 + c2(S)
12
and therefore the Bogomolov-Miyaoka-Yau inequality 3c2(S) ≥ c21(S) is equivalent to:
c2(S) ≥ 3χ(OS).
In case of the surface X(n/C) the components of the above inequality can be expressed
as follows. By definition X(n/C) arises from the cartesian diagram of relative Frobenius:
X(n/C)
f (n)

WX/C // X
f

C
FnS // C,
and consequently admits a smooth fibration f (n) : X(n/C) → C. Using the relative
cotangent sequence:
0 −→ f (n)∗Ω1C −→ Ω1X(n/C) −→ Ω1X(n/C)/C −→ 0,
we compute c2(X
(n/C)) as follows:
c2(X
(n/C)) = (f (n)∗c1(C)) · c1(Ω1X/C)
= (2gC − 2)F · c1(Ω1X/C)
= (2gC − 2) deg Ω1X/C|F
= (2gC − 2) deg Ω1F = (2gC − 2)(2gF − 2) = 4(gC − 1)(gF − 1).
Leray spectral sequence for morphism f (n) of relative dimension 1 together with addi-
tivity of the Euler characteristic yields the equality:
χ(OX(n/C)) = χ(f (n)∗ OX(n/C))− χ(R1f (n)∗ OX(n/C)).
The direct image f
(n)
∗ OX(n/C) is isomorphic to OC because the fibres of f (n) are con-
nected, and R1f
(n)
∗ OX(n/C) is isomorphic to Fn∗S R1f∗OX by flat base change applied to
the cartesian square of Frobenius.
Using the above reformulation implied by the Noether’s formula, the Bogomolov-
Miyaoka-Yau inequality can be written as:
4(gC − 1)(gF − 1) = c2(X(n/C)) ≥ 3χ(Oc2(X(n/C)))
= 3(χ(OC)− χ(Fn∗C R1f∗OX))
= 3(1− gC − deg(Fn∗C R1f∗OX)− gF (1− gC))
= 3(gC − 1)(gF − 1)− 3 deg(Fn∗C R1f∗OX),
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where in penultimate line we used the Riemann-Roch theorem. The above inequality is
equivalent to:
(gC − 1)(gF − 1) ≥ −3 deg(Fn∗C R1f∗OX) = −3pn · deg(R1f∗OX),
which is clearly a contradiction for n ∈ N sufficiently large, if the degree of R1f∗OX
is negative. By relative Serre duality R1f∗OX ' (f∗ωX/C)∨ and therefore the last
statement follows from positivity of Hodge bundles (see Theorem 5.4.5 below).
For the sake of completeness, we now address the problems of existence of Kodaira
fibrations and positivity of Hodge bundles.
Positivity of Hodge bundles and existence of Kodaira fibrations
Theorem 5.4.5 ([Szp81, Expose´ III]). Let f : X → C be a Kodaira fibration (or more
generally a semi-stable fibration). Then deg(f∗ωX/C) > 0.
We now proceed to the proof of existence of Kodaira fibrations. In view of the beauty
of the argument and inaccessibility of Asterisques, we give a detailed proof.
Theorem 5.4.6 ([Szp81, Expose´ IV]). There exists a Kodaira fibration defined over an
algebraically closed field k of any characteristic.
Proof. We closely follow the approach presented in [Szp81, Expose´ IV]. We fix an integer
n relatively prime to the characteristic k.
We begin by taking an e´tale covering f : C1 → C0 of degree n of smooth curves
over k of genera gC1 ≥ 2 and gC0 ≥ 2, respectively. We denote by Γf a divisor on
C0 × C1 associated to the graph of f and by q0 : C0 × C1 → C0 the natural projection.
We claim that there exists an e´tale covering pi : C → C0 such that the line bundle
(pi × id)∗OC0×C1(Γf ) is isomorphic to the n-th power of a line bundle R, and that the
associated n-fold cyclic covering ramified over (pi × id)−1Γf admits the structure of a
Kodaira fibration.
To prove the first claim we take a k-rational point s ∈ C1 and consider the line
bundle L = OC0×C1(Γf − n · S), where S = C0 × {s}. For any c ∈ C0 the restriction
L|c×C1 is of degree 0 and therefore L constitutes a family of degree 0 line bundles on C1.
This induces a classifying morphism f : C0 → Pic0(C1) such that L ' (f × id)∗P ⊗ q∗0M
where P is a Poincare´ line bundle on Pic0(C1) × C1 and M is a uniquely defined line
bundle on C0. We take pi : C → C0 to be the e´tale covering of C0 defined by the cartesian
diagram:
C
f˜ //
pi

Pic0(C1)
n·

C0
f // Pic0(C1),
and set q : C×C1 → C to be the projection. The pullback of L under pi× id : C×C1 →
C0 × C1 satisfies the relation:
(pi × id)∗L ' ((pi ◦ f)× id)∗P ⊗ (pi × id)∗q∗0M' (f˜ × id)∗Pn ⊗ q∗pi∗M,
where the second isomorphism follows from the definition of C and moduli interpretation
of the multiplication map n· : Pic0(C1) → Pic0(C1). The degree of pi is equal to n2gC0
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which implies that d = deg(pi∗M) is divisible by n. The field k is algebraically closed
and therefore the multiplication by n mapping:
n· : Picd/n(C)→ Picd(C)
is surjective on k-points and thus there exists a line bundle M′ on C such that pi∗M =
M′⊗n. As a result we see that:
(pi × id)∗OC0×C1(Γf ) =
(
(f˜ × id)∗P ⊗ q∗M′ ⊗ (pi × id)∗OC0×C1(S)
)⊗n
,
and therefore we may set R = (f˜ × id)∗P ⊗ q∗M′ ⊗ (pi × id)∗OC0×C1(S). This ends the
proof of the first claim.
To prove the second claim we set g : Y → C × C1 to be the n-fold cyclic covering
associated to a section Γ′f = (pi × id)−1Γf of R⊗n. We claim that Y is smooth and
that the composition q ◦ g : Y → C equips it with a structure of non-isotrivial smooth
fibration. The divisor Γ′f is smooth which implies that Y is smooth. For a given point
c ∈ C the fibre Fc = (q ◦g)−1(c) is isomorphic to an n-fold covering of C1 over a reduced
subscheme f−1(pi(c)) which is smooth, and therefore q ◦ g is a smooth morphism.
To finish the proof we assume, for the sake of contradiction, that q ◦ g is iso-trivial.
The fibres Fc are therefore isomorphic to a given curve C
′ and consequently, for any
c0 ∈ C0 we obtain a separable ramified covering gc0 : C ′ → C defined by the diagram:
C ′
gc0
''' // Fc
g|Fc // C1 × C p1 // C1,
where c ∈ C satisfies pi(c) = c0 and p1 : C×C1 → C1 is the projection. The ramification
loci of morphisms gc0 vary for different choices of c0 ∈ C0 and therefore we obtain a
contradiction with:
Theorem 5.4.7 (de Franchis). Let C ′ and C be two curves over a field k of genera gC ≥
2 and gC′ ≥ 2, respectively. Then there exist only finitely many separable morphisms
C ′ → C.
Proof. We present a sketch of a proof based on the theory of Hom-schemes (see, e.g.,
[Kol96, Section II.1]). Firstly, we show that the degree of a map f : C ′ → C is bounded
from above by a function depending solely on gC and gC′ . Indeed, using Riemann–
Hurwitz formula we see that:
2gC′ − 2 = deg(f)(2gC − 2) + len(Rf ),
where Rf jest the ramification divisor of f . This clearly implies that deg(f) ≤ dC,C′ def=
2gC′−2
2gC−2 . As a consequence, we see that the morphisms C
′ → C arise as k-points of a
finite type k-scheme:
HomdC,C′ (C ′, C)
of morphisms from C ′ to C of degree bounded by dC,C′ , and therefore to finish the
proof it suffices to show that for any f : C ′ → C the tangent space T[f ] Hom(C ′, C)
is zero-dimensional. For this purpose, we apply [Kol96, Section II.1, Theorem 1.7] to
identify the tangent space T[f ] Hom(C
′, C) with H0(C ′, f∗TC), which is 0 by ampleness
of Ω1C ' T ∨C .
As presented above, this ends the proof of existence of Kodaira fibrations.
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5.5 Mod p2 and Frobenius liftability of singular schemes
Proposition 5.5.1. Let X be a smooth projective scheme which does not lift mod p2.
Then for sufficiently ample line bundle L the cone ConeX,L does not lift to mod p2 either.
Proof. This follows directly from Proposition 3.6.19
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Chapter 6
Mod p2 and characteristic 0
liftability of schemes
In this chapter we present our main results concerning mod p2 liftability of schemes. The
content is organized as follows. First, in §6.1 we give an example of a non-liftable zero-
dimensional scheme. Then, in §6.2 we provide a few new examples of smooth schemes
that are non-liftable modulo p2 and non-liftable to characteristic zero. These examples
arise from schemes which do not admit a W2(k)-lifting compatible with Frobenius and
from interesting configurations of lines in projective spaces over Fp. In §6.3 we give an
explicit construction of a W2(k)-lifting of a Frobenius split scheme. Finally, in §6.4 for
a given family of schemes, we investigate the structure of the set of closed points in the
base such that the fibre is liftable mod p2.
6.1 Example of non W2(k)-liftable scheme, p-neighbourhoods
of smooth quadrics
As we remarked it is difficult to find either projective or affine non-liftable schemes. In
this section, we present a zero-dimensional example. It first appeared in [BO78, Section
3.4] (the authors attribute it to Koblitz) as an instance of a different phenomenon and
was only mentioned in our context (without a proof) in the recent paper [Bha12, Remark
3.16]. We give a direct computational proof. Later we use it to study Frobenius liftability
of ordinary double points. More precisely, we show that the Artinian local k-algebras:
(A2n−1,m2n−1) =
(
k[x1, . . . , x2n−1]
/
(x1x2 + x3x4 + . . .+ x2n−3x2n−2 + x22n−1, x
p
1, . . . , x
p
2n−1) , (x1, . . . , x2n−1)
)
(A2n,m2n) =
(
k[x1, . . . , x2n]
/
(x1x2 + x3x4 + . . .+ x2n−1x2n, xp1, . . . , x
p
2n)
, (x1, . . . , x2n)
)
are non-liftable to W2(k) for n ≥ 3.
Proposition 6.1.1. For any N ≥ 5 the local algebra AN does not admit a W2(k)-lifting.
Proof. Let us set
fN =
{
x1x2 + x3x4 + . . .+ x2n−3x2n−2 + x22n−1, if N = 2n− 1
x1x2 + x3x4 + . . .+ x2n−1x2n, if N = 2n
First, let us consider the case when N is even, that is, N = 2n. Suppose, to derive
a contradiction, that A2n admits a flat W2(k)-lifting. By Lemma 2.1.8, there exists a
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choice of liftings f˜2n, x˜
p
1, . . . , x˜
p
2n of f2n, x
p
1, . . . , x
p
2n, such that the ring
A˜ = W2[x1, . . . , x2n]/(f˜2n, x˜
p
1, . . . , x˜
p
2n)
is flat over W2(k). By means of Corollary 2.1.7 we see that
C˜ = W2[x1, . . . , x2n]/(x˜
p
1, . . . , x˜
p
2n)
is a flat W2(k)-lifting of C
def
= k[x1, . . . , x2n]/(x
p
1, . . . , x
p
2n) ' C˜⊗W2(k)k. Consequently we
consider the following commutative diagram obtained by applying the functors ⊗W2(k)A˜
and ⊗W2(k)C˜ to the short exact sequence 0 −→ pW2(k) −→W2(k) −→ k −→ 0:
Ann
C˜
(f˜2n) //

AnnC(f2n)

0 // pW2(k)⊗ C˜ ' C ·p //
·f2n

C˜ //
·f˜2n

C

// 0
0 // pW2(k)⊗ C˜ ' C ·p //

C˜ //

C˜

// 0
pW2(k)⊗ A˜ ' A ·p // A˜ // A.
Since A˜ is W2(k)-flat, we see that the canonical homomorphism AnnC˜(f˜2n) →
AnnC(f2n) coming from the snake lemma is surjective. In particular,
there exists an element f˜2n
p−1
+ pg ∈ Ann
C˜
(f˜2n) lifting f
p−1
2n . Such element satisfies
the relation (f˜2n
p−1
+ pg)f˜2n = f˜2n
p
+ pgf2n = 0 ∈ C˜. By direct computation we see
that
f˜2n
p
= (x1x2 + x3x4 + . . .+ x2n−1x2n + pu)p
= (x1x2 + x3x4 + . . .+ x2n−1x2n)p
= xp1x
p
2 + x
p
3x
p
4 + . . .+ x
p
2n−1x
p
2n + pPf2n = pPf2n ,
where
Pf2n =
∑
i1+...+in=p
i1,...,in 6=p
(p− 1)!
i1! · · · in! (x1x2)
i1(x3x4)
i2 · · · (x2n−1x2n)in ∈ C˜
/
pC˜ .
Therefore, we have p(Pf2n + gf2n) = 0 in C˜, which by Corollary 2.1.10 means that:
Pf2n ∈ (f2n, xp1, . . . , xp2n). (6.1)
Considering the quotient map
k[x1, . . . , x2n]→ k[x1, . . . , x2n]/(x7, . . . , x2n) ' k[x1, . . . , x6],
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we see that Pf6 ∈ (f6, xp1, . . . , xp6). Now, we claim that (x5x6)p−2Pf6 = −(x3x4x5x6)p−1
(mod f6, x
p
1, . . . , x
p
6). Indeed, this follows from the computation:
(x5x6)
p−2Pf6 = (x5x6)
p−2 ∑
i+j+k=p
i,j,k 6=p
(p− 1)!
i!j!k!
(x1x2)
i(x3x4)
j(x5x6)
k
= (x5x6)
p−2 ∑
i+j=p
i,j 6=p
(p− 1)!
i!j!
(−1)i(x3x4 + x5x6)i(x3x4)j
+ (x5x6)
p−1 ∑
i+j=p−1
(p− 1)!
i!j!
(−1)i(x3x4 + x5x6)i(x3x4)j
= (x5x6)
p−1 ∑
i+j=p
i,j 6=p
(p− 1)!
i!j!
(−1)ii(x3x4)i−1(x3x4)j + (x5x6)p−1
∑
i+j=p−1
(p− 1)!
i!j!
(−1)i(x3x4)i+j
= (x3x4x5x6)
p−1 ∑
k+j=p−1
k 6=p−1
(p− 1)!
k!j!
(−1)k
︸ ︷︷ ︸
=(1−1)p−1−1=−1
+(x3x4x5x6)
p−1 ∑
i+j=p−1
(p− 1)!
i!j!
(−1)i
︸ ︷︷ ︸
=(1−1)p−1=0
= −(x3x4x5x6)p−1 (mod f6, xp1, . . . , xp6).
This implies that there exist gi,j ∈ k[x1, . . . , x6]
/
(xp1, . . . , x
p
6) , for 0 ≤ i, j < p, such
that
(x1x2 + x3x4 + x5x6)
∑
i,j
gi,j · xi1xj2
 = (x3x4x5x6)p−1 (mod xp1, . . . , xp6).
By simple manipulation we see that:
(x1x2 + x3x4 + x5x6)
∑
i,j
gi,j · xi1xj2
 = (x3x4x5x6)p−1 (mod xp1, . . . , xp6)∑
i,j
gi,j · xi+11 xj+12
+
∑
i,j
gi,j(x3x4 + x5x6) · xi1xj2
 = (x3x4x5x6)p−1 (mod xp1, . . . , xp6)∑
i,j
(gi−1,j−1 + gi,j(x3x4 + x5x6)) · xi1xj2
 = (x3x4x5x6)p−1 (mod xp1, . . . , xp6).
Since k[x1, . . . , x6]
/
(xp1, . . . , x
p
6) is a free
k[x3, . . . , x6]
/
(xp3, . . . , x
p
6) -module on gen-
erators xi1x
j
2, for 0 ≤ i, j < p, we may compare coefficients to obtain:
g0,0(x3x4 + x5x6) = (x3x4x5x6)
p−1 (mod xp3, . . . , x
p
6)
gi,i = −gi+1,i+1(x3x4 + x5x6) (mod xp3, . . . , xp6).
Using the second relation we obtain:
(−1)p−1(x3x4x5x6)p−1 = (−1)p−1g0,0(x3x4 + x5x6)
= (−1)p−2g1,1(x3x4 + x5x6)2
= . . .
= −gp−2,p−2(x3x4 + x5x6)p−1
= gp−1,p−1(x3x4 + x5x6)p = 0 (mod x
p
3, . . . , x
p
6),
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which is a contradiction for N = 2n. The case N = 2n − 1 can be treated analogously
following the lines of the above. The only difference is that x25 plays a role of x5x6 in
the above.
Remark 6.1.2. We have implemented a Macaulay2 procedure checking whether a give
affine scheme is W2(k)-liftable. The source code is presented in §8.1.
6.2 Rational, simply connected examples of non-liftable
schemes
As described in §5.4 there exist smooth varieties defined over a perfect field k of charac-
teristic p which do not admit a W2(k)-lifting. In this section, we provide some new exam-
ples which apart from being non-liftable mod p2 avoid other characteristic p pathologies.
In particular, they satisfy the following
Good properties
1. they are smooth, projective, rational, and algebraically simply connected,
2. their `-adic integral cohomology rings are generated by algebraic cycles,
3. their integral crystalline cohomology groups are torsion-free F -crystals,
4. they are ordinary in the sense of Bloch–Kato, and of Hodge–Witt type, and their
Hodge–de Rham spectral sequence degenerates (cf. §4.2 and §5.2.1 for the relevant
definitions).
In contrast, the classical examples often behave pathologically with this respect.
For instance, the examples of Raynaud [Ray78] are surfaces of general type, those of
Hirokado and Schro¨er are not of Hodge–Witt type (see [Eke04, Section 4]).
6.2.1 Blow-up of the self-product of a homogeneous space in the graph
of the Frobenius morphism
We precede the construction with a few necessary remarks concerning e´tale sites and
`-adic cohomology (see [Mil80, Gro77] for more details).
E´tale sites and e´tale fundamental groups
Definition 6.2.1 (E´tale homeomorphism). We say that a morphism X → Y is an e´tale
homeomorphism if it induces an equivalence on the associated e´tale sites.
Example 6.2.2. For any scheme X over Fp the absolute Frobenius morphism F : X →
X is an e´tale homeomorphism. Indeed, let X ′ → X be an e´tale morphism. Then by
[Gro77, XIV=XV §1 n◦ 2, Proposition. 2(c)] the diagram:
X ′

F // X ′

X
F // X
is cartesian.
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Proposition 6.2.3. Let X and Y be e´tale homeomorphic schemes. Then their e´tale
fundamental groups and `-adic cohomology groups are isomorphic.
It turns out that e´tale fundamental groups are also invariants of birational proper
morphisms.
Theorem 6.2.4 ([Gro71, Expose´ X, Corollaire 3.4]). Let f : X → Y be a birational
proper morphism of varieties with X normal and Y non-singular. Then f∗ : pie´t1 (X) →
pie´t1 (Y ) is an isomorphism.
Construction
We now proceed to the construction. Let k be a perfect field of characteristic p. We fix
a semi-simple algebraic group G over Fp, a parabolic subgroup P ⊆ G (reduced), and
set Y = (G/P )×SpecFp Spec k. We assume that the pair (G,P ) satisfies the assumption
of Theorem 5.3.8, and therefore the k-linear Frobenius morphism
FY = F ×SpecFp Spec k : Y → Y
does not lift to W2(k). For example, using Remark 5.3.9, we see that Y could be the
Grassmannian Gr(n, k) (1 < k < n − 1) or the full flag variety SLn /B (n ≥ 3, B =
upper-triangular matrices), or a smooth quadric hypersurface in Pn, n ≥ 4.
Theorem 6.2.5. Let ΓFY ⊆ Y × Y be the graph of the k-linear Frobenius morphism
FY : Y → Y . Let X = BlΓFY (Y × Y ) be the blow-up of Y × Y along ΓFY , and
X ′ = Bl∆Y (Y × Y ) the blow-up of Y × Y along the diagonal. Then X and X ′ share the
good properties listed above and moreover:
a) they are ‘e´tale homeomorphic,’ i.e., their e´tale sites are equivalent,
b) their `-adic integral cohomology rings are isomorphic as Galois representation,
c) their integral crystalline cohomology groups are isomorphic torsion-free F -crystals.
However, X ′ admits a projective lift to W (k), while X lifts neither to characteristic zero
(even formally), nor to W2(k).
Proof. Good property (1) follows from Bruhat decomposition (see [Spr98, Section 8.3])
and the birational invariance of the e´tale fundamental group of smooth varieties (cf.
Theorem 6.2.4). Properties (2)–(4) follow from Corollary 4.1.4 and Lemma 4.2.5. Prop-
erty (a) follows from the existence of the cartesian diagram:
X
u //
f

X ′
f ′

Y × Y
id×FY
// Y × Y,
where f and f ′ are the respective blow-up maps. Indeed, the Frobenius map FX′ : X ′ →
X ′ and the composition (FY × id) ◦ f ′ : X ′ → Y × Y yield a map v : X ′ → X making
the diagram
X ′
FX′
))
v
//
f ′

X
FX
))
u
//
f

X ′ v //
f ′

X
f

Y × Y FY ×id//
FY×Y
44Y × Y
id×FY //
FY×Y
44Y × Y
FY ×id// Y × Y
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commute. In particular, v ◦ u = FX and u ◦ v = FX′ . Since FX and FX′ are e´tale
homeomorphisms, u and v are e´tale homeomorphisms as well. Property (b) follows
from (a) since the `-adic cohomology depends only on the underlying e´tale site. Finally,
property (c) follows from the blow-up formula given in Corollary 4.1.4. We remark that
the crystalline cohomology algebras H∗cris(X/W ) and H
∗
cris(X
′/W ) are not isomorphic,
but become so after inverting p.
We now prove that X ′ admits a projective lifting over W (k) and that X does not lift
either to W2(k) or any ramified extension of W (k). For the first claim, we observe that
Y lifts to a projective scheme Y over W (k) and consequently X ′ = Bl∆Y (Y ×W (k) Y)
is a projective lifting of X ′. We now proceed to the second claim. We begin with a
proposition addressing Frobenius liftability of homogeneous spaces and describing their
cohomological properties necessary to apply deformation theoretic results stated in §3.6.6
and §3.6.2.
Proposition 6.2.6. Let Y be a homogeneous space over k of a semisimple algebraic
group G not isomorphic to any projective space. Then, H1(Y, TY ) = 0 and H i(Y,OY ) =
0 for i > 0.
Proof. For the first vanishing, we use [Dem77, The´oreme 2]. The vanishing H i(Y,OY ) =
0 is the consequence of Kempf vanishing (i.e., a characteristic p analogue of the Borel–
Weil–Bott theorem) as 0 is a dominant weight for the parabolic subgroup of G corre-
sponding to Y .
We show X does not lift to W2(k). Assume the contrary, i.e., that there exists a
W2(k)-lifting of BlΓFY (Y × Y ). By Proposition 3.6.21 there exist two liftings Y˜ and Y˜ ′
of Y together with a lifting F˜ : Y˜ → Y˜ ′ of FY : Y → Y . However, since H1(Y, TY ) = 0,
the homogeneous space Y is rigid, which implies that the lifting Y˜ ′ is isomorphic to
Y˜ . This implies that Y is W2(k)-liftable compatibly with Frobenius, which contradicts
Theorem 5.3.8.
Finally, we address non-liftability of X to characteristic zero. Let us assume, for
the sake of contradiction, that X lifts to characteristic zero. Any such lifting induces a
formal lifting which be Lemma 3.6.21 and rigidity of Y gives a formal lifting of a non-
trivial endomorphism FY : Y → Y . By the Grothendieck algebraization theorem the
formal lifting of the finite morphism FY extends to an algebraic lifting which contradicts
Theorem 5.3.10.
6.2.2 Examples arising from line configurations
Let k be an algebraically closed field of characteristic p. Let P = P3(Fp) ⊆ P3k be the
set of all Fp-rational points, and let Y = BlP P3k, and let L be the set of all lines in P3k
meeting P at least twice. Finally, let L˜ ⊆ Y be the set of the strict transforms of all
elements of L, and let X = BlL˜ Y .
Theorem 6.2.7. The threefold X has the properties (1)–(4) given at beginning of this
section, but it does not admit a lift to any ring A with pA 6= 0.
For the properties (1)–(4), we argue exactly as in the previous section. The proof
that X does not deform to any algebra A with pA 6= 0 consists of the following three
propositions.
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Proposition 6.2.8. Let A be an object of ArtW (k)(k), and suppose that X lifts to A.
Then P3k lifts to A together with all Fp-rational points and lines, preserving the incidence
relations.
Proof. Let E be the set consisting of the preimages in Y of the elements of P , F the
set of preimages in X of the elements of L˜. Finally, let Q = (
⋃
L˜) ∩ (⋃E) (treated as
a set of closed points). We have the following chain of natural transformations between
various deformation functors:
DefX DefX,F
'oo // DefY,L˜ DefY,L˜∪E
'oo DefY,L˜∪E∪Q
'oo // DefP3k,L∪P .
We remind the reader of our convention (cf. Remark 3.6.8) that for a family of closed
subschemes Z = {Zi}i∈I of a scheme X indexed by a preorder I, DefX,Z is the functor of
deformations of X, together with embedded deformations of Zi, preserving the inclusion
relations Zi ⊆ Zi′ for i ≤ i′. Above, we give the families F, L˜, L˜ ∪ E the trivial order,
and order L˜ ∪ E ∪ Q and L ∪ P by inclusion. In particular, the functor DefY,L˜∪E∪Q
parametrises deformations of Y together with the strict transforms of the Fp-rational
lines (i.e., L˜) and the preimages of the Fp-rational points (i.e., E) in P3k such that
their mutual intersections are flat over the base (i.e., induce a compatible embedded
deformation of Q). Similarly, DefP3k,P∪L is the functor of deformations of P
3
k together
with all the Fp-rational points and lines, preserving the incidence relations. We discuss
the maps in this chain below.
The maps DefX,F → DefX , DefY,L˜∪E → DefY,L˜, and DefY,L˜∪E∪Q → DefY,L˜∪E are
the forgetful transformations. The first two are isomorphisms by Proposition 3.6.9 (2),
and the last map is an isomorphism by Corollary 2.1.7 applied to the local equations of
E and L˜.
The maps DefX,F → DefY,L˜ and DefY,L˜∪E∪Q → DefP3k,L∪P are the maps of Propo-
sition 3.6.9 (1). For the latter, strictly speaking, Proposition 3.6.9 (1) yields a map
DefY,L˜∪E∪Q → DefP3k,Z , where Z = {Zs}s∈S is the ‘image’ of L˜ ∪ E ∪ Q, defined as
follows. Let S = L unionsq P unionsqK where K = {(x, `) ∈ P × L : x ∈ `}, given the ordering
whose nontrivial relations are (`, x) ≤ ` and (`, x) ≤ x for x ∈ P, ` ∈ L, (x, `) ∈ K. Then
set Z` = ` for ` ∈ L, Zx = x for x ∈ P , and Z(x,`) = x for (x, `) ∈ K. For an algebra A,
an element of DefP3k,Z
is thus given by a deformation of P3k together with deformations
of the ` ∈ L, x ∈ X, and Z(x,`) = x for (x, `) ∈ K, preserving the relations Z˜(x,`) ⊆ x˜
and Z˜(x,`) ⊆ ˜` for (x, `) ∈ K (here the tildes mean the corresponding deformations
over A). But each x is a point, so Z˜(x,`) ⊆ x˜ implies Z˜(x,`) = x˜, and the deformation
of (P3k, Z) simplifies to a deformation of (P3k, L ∪ P ) preserving the incidence relations.
Thus DefP3k,Z
can be identified with DefP3k,L∪P .
Remark 6.2.9. Since we will have to deal with a little bit of elementary projective geom-
etry and matroid representability over arbitrary rings, let us introduce some definitions
and fix some conventions.
Let A be a local ring with residue field k. A projective n-space P over A is an A-
scheme of the form PA(V ) for a finitely generated free A-module V , and a d-dimensional
linear subspace L of P is the image of a map PA(W ) → PA(V ) induced by a surjective
map V →W . Zero-dimensional linear subspaces of P can be identified with the set P(A).
If x, y ∈ P(A) are points, given by the surjections V → Lx and V → Ly respectively,
whose images in P(k) are distinct, there exists a unique line (i.e., a one-dimensional
linear subspace) `(x, y) containing both x and y induced by the surjection V → Lx⊕Ly.
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We say that points x, y, z are collinear (resp. coplanar) if they lie on one line (resp.
2-dimensional subspace). If x0, . . . , xn, z are points whose images in P(k) are in general
position, there exists a unique isomorphism φ : P → PnA such that φ(xi) = ei := (0 :
. . . : 0 : 1 : 0 : . . . : 0) (with 1 on the i-th coordinate) and φ(z) = f := (1 : . . . : 1). In
particular, if A ∈ ArtW (k)(k), and S is a configuration of linear subspaces of Pnk ordered
by inclusion, containing the points e′i = (0 : . . . : 0 : 1 : 0 : . . . : 0) and f
′ = (1 : . . . 1),
we can identify the deformation functor DefPnk ,S(A) with the set of all families of linear
subspaces S˜ in PnA which yield the given S upon restriction to k, and such that e˜′i = ei
and f˜ ′ = f .
Proposition 6.2.10. Suppose that P3k lifts to an Artinian W (k)-algebra A together
with all Fp-rational points, preserving collinearity. Then P2k lifts to A together with all
Fp-rational points, preserving collinearity.
Proof. The key observation is that coplanarity is also preserved, i.e., that DefP3k,L∪P =
DefP3k,H∪L∪P , whereH denotes the set of all Fp-rational hyperplanes in P
3
k (withH∪L∪P
ordered by inclusion). Indeed, let A be an object of ArtW (k)(k), and suppose we are
given an element of DefP3k,L∪P (A), which by simple rigidification (e.g., the requirement
that the points (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), and (1 : 1 : 1) do not deform)
can be identified with a configuration of points x˜ and lines ˜` in P3A, indexed by P and
L respectively, such that x˜ ⊆ ˜` whenever x ∈ `. To get an element of DefP3k,H∪L∪P ,
it suffices to show that whenever x1, x2, x3, x4 ∈ P is a quadruple of coplanar points,
the points x˜1, x˜2, x˜3, x˜4 ∈ P3(A) are coplanar. If two of the points xi coincide, there is
nothing to show, and similarly if all four lie on a line. Otherwise, let `12 = `(x1, x2) and
`34 = `(x3, x4), then ˜`12 = `(x˜1, x˜2) and ˜`34 = `(x˜3, x˜4). Since the xi are coplanar, the
lines `12 and `34 intersect in a unique point y ∈ P . Then y˜ ∈ ˜`12 ∩ ˜`34 = `(x˜1, x˜2) ∩
`(x˜3, x˜4). Thus the hyperplane through y˜, x˜1, x˜2 yields a lift of the hyperplane through
x1, x2, x3, x4.
Since coplanarity is preserved, we can forget everything except for the plane x0 = 0
(say) and get a desired lifting of P2k. Equivalently, we could have used a projection from
one of the Fp-rational points.
To finish, we prove that the matroid P2(Fp) does not admit a projective representa-
tion over any ring A with pA 6= 0, that is, there exist no function ρ : P2(Fp) → P2(A)
taking triples of collinear points to triples of collinear points. If A is a field, this is
well-known (cf. e.g. [Gor88, Theorem 2]). We check that the proof works for arbitrary
rings.
Proposition 6.2.11. Let A be a ring, ρ : P2(Fp) → P2(A) a map taking triples of
collinear points to triples of collinear points. Then pA = 0.
Proof. Changing coordinates in P2(A), we can assume that
ρ(1 : 0 : 0) = (1 : 0 : 0), ρ(0 : 1 : 0) = (0 : 1 : 0), ρ(0 : 0 : 1) = (0 : 0 : 1),
and ρ(1 : 1 : 1) = (1 : 1 : 1). Thus
ρ(1 : 1 : 0) = ρ (`((0 : 0 : 1), (1 : 1 : 1)) ∩ `((1 : 0 : 0), (0 : 1 : 0))) = (1 : 1 : 0)
as well. For n ∈ Z, let Pn = (n : 0 : 1), Qn = (n + 1 : 1 : 1) ∈ P2(Fp), and
let P ′n, Q′n ∈ P2(A) be the points with the same coordinates as Pn, Qn. We check
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by induction on n ≥ 0 that ρ(Pn) = P ′n and ρ(Qn) = Q′n: the base case is ok, and
for the induction step we note that Pn = `(Qn−1, (0 : 1 : 0)) ∩ `(P0, (1 : 0 : 0)),
Qn = `(Pn, (1 : 1 : 0)) ∩ `(Q0, (1 : 0 : 0)), and that the same statements hold with the
primes (see Figure 6.2.2). Thus (p : 0 : 1) = ρ(p : 0 : 1) = ρ(0 : 0 : 1) = (0 : 0 : 1), and
hence p = 0 in A.
Pp−1 P0 P1 (1 : 0 : 0)
Qp−1 Q0 Q1
(0 : 1 : 0)
line at infinity
(1 : 1 : 0)
Figure 6.1: Proof of Proposition 6.2.11
Remark 6.2.12. Note that the proof exhibits a sub-matroid (denoted Mp in [Gor88])
consisting of 2p + 3 points sharing the desired property of P2(Fp). This means that in
our second non-liftable example we could have blown up a smaller configuration of 2p+4
points and (strict transforms of) 4p+ 7 lines between them.
Remark 6.2.13. With the same proof, one can construct similar examples in higher
dimensions: blow up Pnk (n ≥ 3) in all Fp-rational points, (strict transforms of) lines,
planes, and so on. Such varieties were studied in [RTW13, Definition 1.2] in relation to
automorphisms of the Drinfeld half-space.
Remark 6.2.14. We also remark that in [Lan16, Proposition 8.4] it is proved that a pair
(X,D) where X is the blow-up of P2k in all Fp-rational points and D is a union of strict
transforms of at least 4p − 3 Fp-rational lines does not lift to W2(k). The argument
above proves that the matroid Mp leads to a non-liftable example with a fewer number
of lines equal to 2p+ 3. We do not know whether 2p+ 3 is the minimal number of lines
necessary to exhibit W2(k) non-liftability.
Remark 6.2.15. Related non-liftable examples also appear in [BHH87, Section 3.5J] and
[Eas08]. The constructions are based on ramified coverings along purely charactersitic
p lines configurations instead of blow-ups.
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6.3 Explicit W2(k)-lifting of a Frobenius-split scheme
We now reprove the classical result stating that any Frobenius split scheme X over
a perfect field k of characteristic p is W2(k)-liftable (see Proposition 5.1.5). We give
an explicit construction which depends functorially on to the Frobenius splitting ϕ :
FX∗OX → OX , in fact as a certain subscheme of the second Witt scheme (X,W2(OX)).
6.3.1 Functorial setting
By Frobenius split scheme we mean a pair (X,ϕX) consisting of a scheme over k and
a Frobenius splitting ϕX : F∗OX → OX . Moreover, a morphism of Frobenius split
schemes (X,ϕX) and (Y, ϕY ) is a morphism of schemes pi : X → Y such that the
following diagram is commutative:
OY pi
#
//
F#

pi∗OX
pi∗F#

F∗OY F∗pi
#
//
ϕY
OO
F∗pi∗OX = pi∗F∗OX .
pi∗ϕX
OO
This is equivalent to the relation pi# ◦ ϕY = (F∗pi#) ◦ (pi∗ϕX). In case of an affine
morphism corresponding to a homomorphism f : A → B this is equivalent to the
equality fϕA = ϕBf . The notions described above allow us to introduce the category
of Frobenius split schemes.
Definition 6.3.1. We define a category Schsplitk of Frobenius split schemes over k as
a category with the set of objects consisting of all Frobenius split schemes (X,φX)
and with the set of morphisms consisting of morphisms of Frobenius split schemes f :
(X,φX)→ (Y, φY ).
6.3.2 The construction of Wϕ2 (A)
First we give a construction in the affine case. A simple consequence of Corollary 2.1.10
is that a functorial construction A 7→ W2(A) does not give a flat lifting (the ideal
pW2(A) is not equal to Ker[W2(A) → A]). Therefore we proceed in a different manner
taking the Frobenius splitting into account. Let (A,ϕ) be a k-algebra together with
a Frobenius splitting ϕ. We claim that a flat lifting of Spec(A) over W2(k) is given
by the following construction which functorial with respect to natural mappings of Fp
rings with Frobenius splitting, that is, ring homomorphisms commuting with p−1-linear
splitting operators. The Witt vector operators +W and ·W used below are described in
Definition 2.1.1.
Definition 6.3.2. The ring of twisted Witt vectors Wϕ2 (A) associated to a characteristic
p ring with a splitting (A,ϕ) is the set A×A with addition and multiplication given by
the following formulas:
(a0, a1) +ϕ (b0, b1)
def
= (id×ϕ)[(a0, ap1) +W (b0, bp1)] = (a0 + b0, a1 + b1 − (ϕ ◦ P )(a0, b0)) (6.2)
(a0, a1) ·ϕ (b0, b1) def= (id×ϕ)[(a0, ap1) ·W (b0, bp1)] = (a0b0, a0b1 + b0a1). (6.3)
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This formulas can be also described by the following diagrams:
(A×A)×2 +ϕ //
(id×F )×2

A×A (A×A)×2 ·ϕ //
(id×F )×2

A×A
(A×A)×2 +W // A×A
id×ϕ
OO
(A×A)×2 ·W // A×A.
id×ϕ
OO
The verification that the above definition gives indeed a structure of an associative
and commutative ring is a straightforward computation. For the purpose of illustration
we prove associativity:
(a0, a1) ·ϕ ((b0, b1) +ϕ (c0, c1)) = (a0, a1) ·ϕ (b0 + c0, b1 + c1 − (ϕ ◦ P )(b0, c0))
= (a0b0 + a0c0, a0(b1 + c1 − (ϕ ◦ P )(b0, c0)) + (b0 + c0)a1)
= (a0b0 + a0c0, a0b1 + a1b0 + a0c1 + a1c0 − a0(ϕ ◦ P )(b0, c0))
= (a0b0 + a0c0, a0b1 + a1b0 + a0c1 + a1c0 − (ϕ ◦ P )(a0b0, a0c0))
= (a0b0, a0b1 + b0a1) +ϕ (a0c0, a0c1 + c0a1)
= (a0, a1) ·ϕ (b0, b1) +ϕ (a0, a1) ·ϕ (c0, c1).
The middle transition follows from the relation (note that φ is p−1-linear):
a(ϕ ◦ P )(b, c) = ϕ(apP (b, c)) = (ϕ ◦ P )(ab, ac).
We are now ready to prove:
Theorem 6.3.3. Any morphism of Frobenius-split algebras f : (A,ϕA) → (B,ϕB)
induces a morphism Wϕ2 (f) : W
ϕA
2 (A) → WϕB2 (B). Moreover, the ring WϕA2 (A) is a
flat W2(k)-lifting of A.
Proof. Firstly, we observe that our construction is functorial. For this purpose, we define
Wϕ2 (f) : W
ϕA
2 (A)→ WϕB2 (B) by the following diagram where the horizontal mappings
are given by the natural identifications of WϕA2 (A) and A×A.
WϕA2 (A)
Wϕ2 (f)//

WϕB2 (B)
A×A f×f // B ×B
OO
The compatibility of this definition with addition and multiplication follows directly
from the formulas and the condition f ◦ ϕA = ϕB ◦ f .
Consequently, we show that Wϕ2 (A) is flat over W2(k). Clearly the projection onto
the first factor gives a surjective ring homomorphism from Wϕ2 (A) to A. The kernel I
of this homomorphism is given by the ideal of elements of the form (0, a1) ∈Wϕ2 (A) for
a1 ∈ A, and is therefore generated by a single element t = (0, 1). In case of a perfect
field k with a Frobenius splitting γk(α) = p
√
α we obtain a diagram:
(k × k)×2 +ϕ //
(id×F )×2

k × k
id×F

(k × k)×2 ·ϕ //
(id×F )×2

k × k
id×F

(k × k)×2 +W // A× k
id×ϕ
OO
(k × k)×2 ·W // k × k.
id×ϕ
OO
Consequently, the bijective mapping id×F gives an isomorphism between the rings
W γk2 (k) and W2(k). This means that natural homomorphism W2(k) ' W γk2 (k) →
Wϕ2 (A) induced by the embedding k → A sends p = (0, 1) ∈ W2(k) to (0, 1) ∈ Wϕ2 (A)
and therefore t = p. This allows us to apply Corollary 2.1.10 to conclude that Wϕ2 (A)
is indeed a flat lifting of A.
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Glueing to a twisted Witt scheme
In order to globalise the above construction we shall show that it behaves well with
respect to localisation. For this purpose, we prove the following lemma resembling the
computation given in [Blo77, Lemma 5.1].
Lemma 6.3.4. Let A be a k-algebra. For any lifting (f, c) ∈ Wϕ2 (A) of f ∈ A the
natural homomorphism if : W
ϕ
2 (A)(f,c) →Wϕ2 (Af ) is an isomorphism.
Before proceeding to the proof, we present a series of useful equalities in Wϕ2 (A)
which follows directly from addition and multiplication formulas:
(f, c)−1 = (1/f,−c/f2) (6.4)
(a, b)n = (an, nan−1b). (6.5)
Proof of Lemma 6.3.4. It is sufficient to show that if is bijective. To prove it, we first
apply equalities (6.4) and (6.5) to obtain:
if
(
(a, b)
(f, c)n
)
= (a, b) ·ϕ
(
1
f
,
−c
f2
)n
= (a, b) ·ϕ
(
1
fn
,
−nc
fn+1
)
=
(
a
fn
,
fb− nac
fn+1
)
.
Now we perform a straightforward inspection using the following two facts: (i) afn = 0
if and only if f sa = 0 for some s ∈ N, (ii) the mapping Af 3 d 7→ d − nacfn+1 is bijective
for any choice of parameters (n, a, c).
We are now ready to prove the theorem. Let SchflatW2(k) be the category of flat schemes
over the ring of second Witt vectors.
Theorem 6.3.5. There exists a functor Wϕ2 from the category Sch
split
k to the category
SchflatW2(k) such that the following diagram of functors:
Schsplitk
forget
##
Wϕ2 // SchflatW2(k)
⊗kzz
Schk,
is commutative, that is, the scheme Wϕ2 ((X,ϕX)) is a functorial flat W2(k)-lifting of X.
Proof. In case of affine schemes (Spec(A), φ) it is sufficient to use the construction of
W φ2 (A). In general, we proceed as follows. For a scheme (X,OX) we consider a ringed
space (X,Wϕ2 (OX)) where Wϕ2 (OX) is a sheaf equal to OX ×OX set theoretically and
with the ring structure defined by the assignment U 7→Wϕ2 (OX(U)). The sheaf transi-
tion maps are induced by the functoriality of the construction given in Theorem 6.3.3.
Consequently, Lemma 6.3.4 proves that locally over the affine subset V = Spec(A) of
(X,OX), the sheaf Wϕ2 (OX)|V is isomorphic to ˜Wϕ2 (OX(V )) and therefore (X,Wϕ2 (OX))
is in fact a scheme over W2(k).
Remark 6.3.6. Since ordinary Calabi-Yau varieties are uniquely Frobenius split (cf.
Proposition 4.4.8), our construction leads to an explicit and functorial W2(k)-lifting
of such varieties.
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6.3.3 Alternative view on the construction
As suggested by Piotr Achinger, the above construction might be alternatively described
as a certain subscheme of the second Witt scheme (X,W2(OX)). The construction goes
as follows.
Firstly, we observe that W2(OX) is an ring extension of OX by the square–zero ideal
FX∗OX . In particular, the W2(OX)–module structure of FX∗OX factors through the
natural surjection W2(OX)→ OX . The splitting ϕ gives rise to a submodule of FX∗OX
given by Ker(ϕ) ' FX∗OX/OX and consequently a subideal of FX∗OX C W2(OX).
We define W φ,alt2 (OX) to be the quotient sheaf W2(OX)/Ker(ϕ). We now prove that
W φ,alt2 (OX) is in fact the same scheme as Wϕ2 ((X,OX)).
Proposition 6.3.7. The constructions Wϕ2 (OX) and Wϕ,alt2 (OX) give rise to isomor-
phic schemes.
Proof. Indeed, the construction of Wϕ,alt2 (OX) can be described by the following dia-
gram:
FX∗OX/OX ' //

Ker(φ)

0 // FX∗OX //
ϕ

W2(OX)
cϕ

// OX //

0
0 // OX //Wϕ,alt2 (OX) // OX // 0,
where cϕ : W2(OX) → Wϕ,alt2 (OX) is a ring homomorphism. We see that the ring
operations in Wϕ,alt2 (OX) are given by a set-theoretic lifting to W2(OX) (e.g., id×F
given in Definition 6.3.2), followed by the corresponding operations in W2(OX) and
then the quotient map cϕ. This is exactly the description given by the diagrams in
Definition 6.3.2.
6.4 W2(k)-liftability in families
We now proceed to the proof that under suitable conditions Witt vector liftability is a
constructible property, i.e., for a locally finite type family f : X → S the set of closed
points s ∈ S such that the fibre Xs is W2(k(s))-liftable is constructible. We begin with a
definition encompassing the properties of a morphism necessary to prove constructibility.
Definition 6.4.1. We say that a morphism f : X → S is strongly equicohomological if
it is locally of finite type and flat, and for any i ∈ {0, . . . ,dimS + 2} the higher direct
image Rif∗RHom(LX/S ,OX) is a locally free OS-module (potentially of infinite rank).
Strongly equicohomological families satisfy the following crucial property motivated
by the application for deformation theory.
Lemma 6.4.2. Let f : X → S be a strongly equicohomological morphism with a smooth
target S. For any morphism T → S the sheaf R2f∗RHom(LX/S ,OX) satisfies the base
change property, i.e., for any cartesian diagram:
XT
fT

j // X
f

T
i // S.
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there exists a natural isomorphism i∗R2f∗RHom(LX/S ,OX) ' R2fT∗RHom(LXT /T ,OXT ).
Proof. By definition strongly equicohomological morphisms are flat and therefore by
Lemma 2.3.3 there exists a natural quasi-isomorphism:
Li∗Rf∗RHom(LX/S ,OX)→ RfT∗Lj∗RHom(LX/S ,OX). (6.6)
By Lemma 2.3.4 and the base change property of cotangent complex (see Theorem 3.1.5)
we obtain an isomorphism:
Lj∗RHom(LX/S ,OX) ' RHom(Lj∗LX/S , Lj∗OX) ' RHom(LXT /T ,OXT ).
This implies that the right hand side of (6.6) is isomorphic to RfT∗RHom(LXT /T ,OXT ).
By taking cohomology, for any k ∈ Z we obtain an isomorphism:
Lki∗Rf∗RHom(LX/S ,OX)→ RkfT∗RHom(LXT /T ,OXT ).
By Lemma 2.3.2 there exists a convergent spectral sequence:
Epq2 = L
pi∗Hq(Rf∗RHom(LX/S ,OX))⇒ Lp+qi∗Rf∗RHom(LX/S ,OX).
The terms on E2 page are isomorphic to L
pi∗Rqf∗RHom(LX/S ,OX)) and therefore,
since f : X → S is strongly equicohomological, Epq2 = 0 for (p, q) ∈ Z<0×{0, . . . ,dimS+
2} and p > 0. Moreover, by the smoothness of S we see that Epq2 = 0 for p < −dimS and
consequently E−p,p+2r ' E−p,p+2r+1 for any p ∈ Z and r ≥ 2. This means that the natural
filtration induced on L2i∗Rf∗RHom(LX/S ,OX) by the spectral sequence consists of a
single term i∗R2f∗RHom(LX/S ,OX). This finishes the proof.
As a corollary we obtain:
Lemma 6.4.3. Let f : X → S be a strongly equicohomological morphism with a smooth
affine target. Then, the set of geometric closed points s ∈ S such that Xs is W2(k(s))-
liftable is closed.
Proof. By the assumptions on S we see that there exists a W2(k)-lifting S˜ of S. There-
fore, there is a relative obstruction class σf ∈ Ext2(LX/S , f∗(pOS˜)) = Ext2(LX/S ,OX)
(see Theorem 3.2.14) which vanishes if and only if there exists a flat S˜-scheme X˜ fitting
into the cartesian diagram:
X
f

// X˜

S //

S˜

Spec(k) // Spec(W2(k)).
Since the morphism S˜ → Spec(W2(k)) is formally smooth, any geometric closed point
s ∈ S can be lifted to a mapping i˜ : Spec(W2(k(s))→ S˜. We denote by is : Xs → X the
closed immersion defined by the diagram (with a cartesian square):
Xs
iszz
fs

X
f

Spec(k(s)) //
i
zz
Spec(W2(k(s))
i˜vv
S // S˜,
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and by σs ∈ Ext2(LXs/s,OXs) the associated obstruction class to lifting Xs/k(s) to
W2(k(s)). Since, S is affine, the Γ(S,OS)-module Ext2(LX/S ,OX) is isomorphic to the
module of global sections of the sheaf
R2f∗RHom(LX/S ,OX),
and therefore by Lemma 6.4.2 we obtain a specialisation isomorphism:
ψs : Ext
2(LX/S ,OX)⊗OS k(s) = i∗R2f∗RHom(LX/S ,OX)
' R2fs∗RHom(LXs/k(s),OXs) = Ext2(LXs/k(s),OXs).
By Lemma 3.4.2 we see that obstructions σf ∈ Ext2(LX/S ,OX) and σs ∈ Ext2(LXs/k(s),OXs)
fit into commutative diagram:
Li∗sLX/S
i∗sσf //
dis

Li∗sOX

LXs/k(s)
σs // OXs ,
and therefore the fibre ψs([σf ]) of an obstruction class σf ∈ Ext2(LX/S ,OX) is equal to
the obstruction σs ∈ Ext2(LXs/s,OXs). Note that here we implicitly use the fact that
the second part of the isomorphism (6.6) in Lemma 6.4.2 is given by the differential dj.
Closedness then follows from the fact that the zero set of a section of a free module is
closed.
In order to obtain a general statement for morphism which are not strongly equico-
homological we need the following lemma preceded with a notational remark. We say
that a morphism f : X → S can be stratified into morphisms satisfying property P if
there exists a stratification of the target
⋃
i Si = S into locally closed subschemes Si ⊂ S
such that the base change fi : X ×S Si → Si satisfies P .
Lemma 6.4.4. The following classes of morphism of schemes can be stratified into
strongly equicohomological morphisms:
i) proper morphisms,
ii) affine morphisms of finite type.
Proof. We observe that stratification is a purely topological notion and therefore we may
assume that S is integral. Now, it suffices to prove that for the classes in question there
exists an open subset U ∈ S such that fU : X ×S U → U is strongly equicohomological.
In both cases we apply the generic freeness (see [Sta17, Tag 051S]) to prove a more
general statement that for any complex E• ∈ D+Coh(X) the higher direct images are
generically free over S. Firstly, we deal with affine morphisms. In this case, the higher
direct images of any complex E• ∈ D+Coh(X) are computed by taking the pushforwards
of the cohomology groups Hj(E•). Those are coherent sheaves on X and are therefore
generically free over S. Secondly, we treat the case of proper morphism. Now, higher
direct images Rif∗E• are coherent S-modules and therefore are generically free.
We are now ready to state and prove the theorem.
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Theorem 6.4.5. Suppose f : X → S is a morphism which can be stratified into strongly
equicohomological morphisms. Then, the set of geometric closed points s ∈ S such that
the fibre Xs
def
= X ×S Spec(k(s)) lifts to W2(k(s)) is constructible.
Proof. Observe that in order to prove constructibility we may stratify the scheme S into
locally closed subsets. Therefore, by the assumption on existence of strongly equicoho-
mological stratification, we may assume that f : X → S is strongly equicohomological
with a smooth affine target. Then, the result follows from Lemma 6.4.3.
As a direct corollary of Lemma 6.4.4 and Theorem 6.4.5 we obtain:
Corollary 6.4.6. For any proper or affine morphism f : X → S the set of geometric
closed points s ∈ S such that the fibre Xs lifts to W2(k(s)) is constructible.
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Chapter 7
Liftability of Frobenius morphism
of singular schemes
We now proceed to the investigation of Frobenius liftability of schemes. In §7.1, we pro-
vide a characterization of obstruction classes for existence of a W2(k)-lifting compatible
with Frobenius in case of singular schemes. Next, in §7.2 we present a computational
criterion for Frobenius liftability of affine complete intersections. Then, we apply the
criterion in the case of ordinary double points §7.3, and canonical surface singularities
§7.4. Finally, in §7.5 we investigate Frobenius liftability of quotients, and then in §7.6
we relate the notion of Frobenius liftability with standard F -singularity types.
7.1 Some general results
We begin with a few general results concerning Frobenius liftability of singular schemes.
Throughout, we freely use the functoriality properties of Exal-categories (cf. §3.2.1) and
the assertions of Theorem 3.2.8.
Let X be a scheme defined over a perfect field of characteristic p > 0. First, we
outline the relation between the set of liftings of the Frobenius morphism and the Witt
scheme (X,W2(OX)). Suppose that OX′ is a flat W2(k)-extension of OX . We consider
the assignment:
ηX : W2(OX)→ OX′ , (a0, a1) 7→ a˜0p + pa˜1, for some lifts of local section a0 and a1.
Using the relation
(a˜0 + pa˜
′
0)
p + p(a˜1 + pa˜
′
1) = a˜
p
0 + pa˜1 (mod p
2)
we see that ηX does not depend on the choices of lifts and determines a ring homomor-
phism. Moreover, if OX′ admits a lift of the Frobenius morphism F ′ : OX′ → OX′ then
there exists a homomorphism θF ′ : OX′ →W2(OX) defined by the formula
θF ′ : OX′ →W2(OX), a˜ 7→
(
a,
F ′(a˜)− a˜p
p
)
,
where the division by p reflects the identification pOX′ ' OX given in Corollary 2.1.9.
For every F ′, the composition θF ′◦ηX is equal to the Witt vector Frobenius σ2 : W2(OX)→
W2(OX) (cf. §2.1.1), and the composition ηX ◦ θF ′ is equal to F ′.
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Lemma 7.1.1. Let X be a scheme over a perfect field k of characteristic p > 0, and let
OX′ ∈ ExalW2(k)(X,OX) be a flat W2(k)-extension of OX . Then OX′ admits a lift of
Frobenius if and only if the push-forward
(F#)×OX′ ∈ ExalW2(k)(X,F∗OX) defined as (OX′ ⊕ F∗OX)
/
OX
is isomorphic to W2(OX).
Proof. First, we prove that a lift of Frobenius F ′ : OX′ → OX′ gives rise to an isomor-
phism (F#)×OX′ 'W2(OX). Indeed, given F ′ there exists a commutative diagram
0 // OX
F#

p· // OX′
θF ′

// OX // 0
0 // F∗OX //W2(OX) // OX // 0.
Since (F#)×OX′ is the pushout of the left top corner of the left square of the diagram,
this leads to a morphism (F#)×OX′ → W2(OX) of extension in ExalW2(k)(X,F∗OX)
which is necessarily an isomorphism (cf. §3.2.1). Conversely, if ι : OX′ → F#×OX′ is
the natural inclusion, then an isomorphism φ : F#×OX′ →W2(OX) induces a morphism
ηX ◦ φ ◦ ι : OX′ → OX′ which provides a lift of the Frobenius.
In [MS87, Appendix, Proposition 1], the authors characterize the obstruction classes
for existence of a mod p2 lift compatible with Frobenius. We now generalize these results
to the singular setting. Let OX −→ F∗OX −→ BX be the distinguished triangle induced
by the morphism F# : OX → F∗OX . Note that if X is normal and reduced BX is in
fact isomorphic to the sheaf B1X of boundaries in the de Rham complex.
Theorem 7.1.2. Let X be a reduced scheme defined over a perfect field k of character-
istic p. Then there exists an obstruction class σFX ∈ Ext1(LX/k, BX) whose vanishing is
sufficient and necessary for existence of a W2(k)-lifting of X compatible with Frobenius.
Proof. Let f : X → Spec(k) be the structural morphism of X/k. Using the distinguished
triangle of cotangent complexes:
Lf∗Lk/W2(k)
df // LX/W2(k)
r // LX/k // Lf
∗Lk/W2(k)[1],
we obtain a diagram with exact rows and columns:
Ext1(Lf∗Lk/W2 , BX) // Ext
1(LX/k, BX)
  ◦r // Ext1(LX/W2(k), BX)
◦df // Ext1(Lf∗Lk/W2 , BX)
Ext1(Lf∗Lk/W2 , F∗OX) //
q◦
OO
Ext1(LX/k, F∗OX) ◦r //
q◦
OO
Ext1(LX/W2(k), F∗OX)
◦df //
q◦
OO
Ext1(Lf∗Lk/W2 , F∗OX)
q◦
OO
Ext1(Lf∗Lk/W2 ,OX) //
F#◦
OO
Ext1(LX/k,OX) ◦r //
F#◦
OO
Ext1(LX/W2(k),OX)
◦df //
F#◦
OO
Ext1(Lf∗Lk/W2 ,OX).
F#◦
OOOO
We claim that:
(a) the image q ◦ [W2(OX)] ∈ Ext1(LX/W2(k), BX) of the extension class [W2(OX)] ∈
Ext1(LX/W2(k), F∗OX) uniquely lifts to an element:
σFX ∈ Ext1(LX/k, BX),
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(b) the condition σFX = 0 is sufficient and necessary for existence of a W2(k)-lifting of
X admitting compatible lift of Frobenius.
To prove (a), we observe that Ext0(Lf∗Lk/W2(k), BX) = 0 (the complex Lf
∗Lk/W2(k) is
supported in degree ≤ −1 and BX is a sheaf since X is reduced) and hence
◦r : Ext1(LX/k, BX)→ Ext1(LX/W2(k), BX)
is injective, and therefore it suffices to prove that (q ◦ [W2(OX)]) ◦ df = 0. However
(q ◦ [W2(OX)]) ◦ df = q ◦ ([W2(OX)] ◦ df) and hence we need to show that [W2(OX)] ◦ df
comes from an element in Ext1(Lf∗Lk/W2(k), F∗OX). By Remark 3.2.20 the element
[W2(OX)] ◦ df − F# ◦ Lf∗[W2(k)] ∈ Ext1(Lf∗Lk/W2(k), F∗OX),
where [W2(k)] ∈ Ext1(Lk/W2(k), k) corresponds to the extension k −→ W2(k) −→ k, is
the obstruction class to existence of a morphism of Z-extensions filling the diagram:
0 // F∗OX //W2(OX) // OX // 0
0 // F∗k ' k //
OO
W2(k) //
OO
k //
OO
0.
Such morphism clearly exists since the construction of Witt vectors of length two is
functorial. Therefore the obstruction class is zero, which yields a unique element η =
Lf∗[W2(k)] satisfying the relation F# ◦ η = [W2(OX)] ◦ df . This proves existence of
σFX ∈ Ext1(LX/k, B1X).
We now proceed to (b). First, we prove that condition σFX = 0 is sufficient. Indeed,
using exactness of the middle right column of the diagram, we see that under this
assumption there exists an extension [OX′ ] ∈ Ext1(LX/W2 ,OX) such that (F#)×OX′ '
W2(OX). Using above considerations, we see that the element [OX′ ] satisfies the relation
F# ◦ ([OX′ ] ◦ df) = [W2(OX)] ◦ df = F# ◦ Lf∗[W2(k)], and therefore [OX′ ] ◦ df =
Lf∗[W2(k)] which implies that OX′ is a flat W2(k)-extension (cf. Remark 3.2.16). By
Lemma 7.1.1 we see that such OX′ admits a Frobenius lifting. It is straightforward to
see that Lemma 7.1.1 also proves that condition σFX = 0 is necessary.
Remark 7.1.3. We claim that for any W2(k)-lifting X
′ of X the obstruction σFX′ ∈
Ext1(LX/k, F∗OX) to lifting of the Frobenius morphism toX ′ maps to σFX ∈ Ext1(LX/k, BX)
under the natural homomorphism induced by F∗OX → BX . Indeed, letOX′ ∈ ExalW2(k)(X,OX)
be a flat W2(k)-extension of X. We have a diagram of sheaves of rings
0 // F∗OX //W2(OX) //
ηX

OX //
F#

0
0 // F∗OX // F∗OX′ // F∗OX // 0.
This induces an isomorphism between the push-forward F×OX′ ∈ ExalW2(k)(X,F∗OX)
and W2(OX), since F×OX′ is the fibred product of the bottom right corner of the
right square of the diagram. Using compatibility conditions given in Remark 3.2.9, this
translates to the equality:
dF ◦ [OX′ ] = [W2(OX)] ∈ Ext1(LX/k, F∗OX).
By Theorem 3.2.19 we see that the obstruction class σFX′ for existence of a Frobenius
lifting F ′ : OX′ → OX′ equals dF ◦ [OX′ ] − F# ◦ [OX′ ], and therefore q ◦ σFX′ = q ◦
[W2(OX)] = σFX since q ◦ F# = 0.
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7.2 Computational criterion
In this section we address the problem of Frobenius liftability of affine schemes. In
particular, we express the vanishing of obstruction classes for existence of a lifting of the
Frobenius morphism of a given W2(k)-lifting as an explicit ideal containment problem.
As a consequence, we derive a computational criterion for F -liftability in the case of
affine complete intersection schemes (e.g., hypersurface singularities). Throughout this
section we identify affine schemes with their associated algebras of global functions. Our
considerations are based on §3.3, where we present standard results concerning naive
cotangent complex.
7.2.1 General criterion
We work in the following setting. Let R = k[x1, . . . , xn] and let B = R/J for an ideal
J = (f1, . . . , fm). Let R
′ = W2[x1, . . . , xn] and let J ′ = (f ′1, . . . , f ′m) be the ideal such
that B′ = R′/J ′ is a flat W2(k)-lifting of B. Moreover, let F ′ : R′ → R′ be the lifting of
Frobenius morphism given by the formula:∑
aIx
I 7→
∑
σ(aI)x
pI ,
where I = (i1, . . . , in) is a multi-index, x
I denotes the monomial xi11 · · ·xinn and σ2 is
the Witt vector Frobenius described in §2.1.1. Furthermore, let w : R′ → R′ be the base
change homomorphism over σ2 : W2(k)→W2(k) defined by:
w
(∑
aIx
I
)
=
∑
σ2(aI)x
I .
We plan to describe the obstruction class for liftability of Frobenius morphism of B
to B′ explicitly. For this purpose, we use the results of Theorem 3.3.3. For every flat
W2(k)-module M we shall identify elements of pM with M/pM using Corollary 2.1.9
(by means of multiplication by p). We need the following:
Definition 7.2.1. Let be a polynomial f ′ ∈ R′. We define its Frobenius residue P (f ′) ∈
R to be the unique polynomial P (f ′) such that F ′(f ′)− f ′p = p · P (f ′).
Using Frobenius residues, the obstruction classes to lifting of the Frobenius morphism
can be described as follows.
Proposition 7.2.2. Suppose B and B′ be as above. Then, the Frobenius morphism of
B lifts to B′ if and only if there exists a sequence of elements hk ∈ P , for k = 1 . . . n,
such that for every i ∈ {1, . . . ,m} the Frobenius residue P (f ′i) satisfies:
P (f ′i) =
∑
1≤k≤n
(
∂fi
∂xk
)p
hk (mod f1, . . . , fm).
Proof. Using the results of Theorem 3.3.3, we see that the obstruction is an element of
HomB(J/J
2, F∗B)
/
HomB(Ω
1
P/k ⊗P B,F∗B) .
It is defined as the coset of a p-linear homomorphism (hence the lack of Frobenius
push-forward below):
J/J2 → F∗B, [f ] 7→ w(f ′)(xp1′, . . . , xpn′) ∈ pP ′/J ′ ' B, for any lift f ′ of f
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where (xp1)
′, . . . , (xpn)′ are preselected lifts of p-th powers of coordinate functions. A
natural choice of such lifts is given by the polynomials xp1, . . . , x
p
n, and therefore the
obstruction is determined by the p-linear homomorphism σ : J/J2 → F∗B:
J/J2 3 [f ] 7→ σ([f ]) = w(f ′)(xp1, . . . , xpn) = F ′(f ′).
Since σ is defined up to an element of J ′ we see that
σ([f ]) = F ′(f ′)− f ′p (mod J ′)
which is equal to pP (f ′) ∈ pP ′/J ′ ' B by the definition of the Frobenius residue.
Homomorphisms in HomB(J/J
2, F∗B) lying in the image of HomB(Ω1P/k ⊗P B,F∗B)
under the natural mapping are of the form:
J/J2 → F∗B, [f ] 7→
∑
1≤k≤n
∂f
∂xk
· hk =
∑
1≤k≤n
(
∂f
∂xk
)p
hk
for some elements hi ∈ F∗B, for i = 1, . . . , n. The presence of p-th powers is the
consequence of the fact that the B-structure on the target module is twisted by the
Frobenius morphism. Ultimately, the obstruction for lifting Frobenius given by the
coset of σ vanishes if and only if there exists a sequence of elements hi ∈ F∗B, for
i = 1, . . . , n, such that
σ(fi) = P (f
′
i) =
∑
1≤k≤n
(
∂fi
∂xk
)p
hk,
for the generators f ′1, . . . , f ′m of the ideal J ′. This proves our assertion.
7.2.2 Affine complete intersections
We now analyse how the above criterion works for affine complete intersection schemes.
In this case, we derive a computationally feasible criterion to check whether they possess
a W2(k)-lifting compatible with the Frobenius morphism. For this purpose we analyse
how the Frobenius residues differ for various lifts of a given polynomial f ∈ P . Namely,
we compute (again, using the identifications described in Lemma 2.1.9):
P (f ′ + pg)− P (f ′) = F
′(f ′ + pg)− (f ′ + pg)p
p
− F
′(f ′)− fp
p
=
F ′(pg)
p
= gp.
This implies that the choice of a different lifting f ′ of f leads to the change of the
Frobenius residue P (f ′) some p-th power of an element g ∈ R.
Example 7.2.3. It turns out we have already seen an example of a polynomial P (f ′).
Namely, in Proposition 6.1.1 we defined the polynomial:
Pf2n =
∑
i1+...+in=p
i1,...,in 6=p
(p− 1)!
i1! · · · in! (x1x2)
i1 · · · (x2n−1x2n)in .
This is exactly −P (x1x2 + . . .+ x2n−1x2n).
The above considerations lead to the following criterion:
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Proposition 7.2.4. The affine complete intersection algebra A = k[x1, . . . , xn]/(f1, . . . , fm)
is Frobenius liftable if and only if there exists a sequence of elements hk ∈ R and a se-
quence of elements gi ∈ R such that:
Pfi + g
p
i =
∑
1≤k≤n
(
∂fi
∂xk
)p
hk (mod f1, . . . , fm), (7.1)
where Pfi is a polynomial defined up to a p-th power of an element in R,and computed
by the formula Pfi = P (f
′
i) for some lifting f
′
i of fi.
Proof. By Lemma 2.1.8 we know that flat liftings of complete intersection affine schemes
are given by the liftings of the associated regular sequences. Therefore, by Lemma 7.2.2
we need to find liftings {f ′i} if {fi} such that there exist {hk}
P (f ′i) =
∑
1≤k≤n
(
∂fi
∂xk
)p
hk (mod f1, . . . , fm),
But, as we mentioned, the polynomials P (f ′i) for different liftings of fi differ by arbitrary
p-th powers. This finishes the proof.
Remark 7.2.5. Based on the description of obstruction classes given in Propositon 7.2.2
and Proposition 7.2.4 it is easy to see that a tuple of polynomials
(f ′1, . . . , f
′
m, g1, . . . , gm, h1, . . . , hn)
satisfying:
P (f ′i) + g
p
i =
∑
1≤k≤n
(
∂fi
∂xk
)p
hk (mod f1, . . . , fm)
leads to an explicit lifting of Frobenius given by:
W2(k)[x1, . . . , xn]
/
(f ′1 + pg1, . . . , f
′
m + pgm)
xi 7→xpi+phi // W2(k)[x1, . . . , xn]
/
(f ′1 + pg1, . . . , f
′
m + pgm)
As a corollary of Proposition 7.2.4 we obtain the criterion for Frobenius liftability of
hypersurface singularities:
Corollary 7.2.6. Suppose Hf = Spec(k[x1, . . . , xn]/(f)) is a hypersurface in Ank . Then
Hf admits a lift to W2(k) compatible with Frobenius if and only if there exists an element
g such that
Pf + g
p ∈
(
f,
(
∂f
∂xk
)p
, . . . ,
(
∂f
∂xn
)p)
.
Remark 7.2.7. The equality above might be treated as a relation in the Frobenius push-
forward F∗ (k[x1, . . . , xn]/(f)). From this perspective, the polynomial
Pf ∈ F∗ (k[x1, . . . , xn]/(f))
(module structure by p-th powers) is supposed to belong to a sub-module
k[x1, . . . , xn]/(f) · 1 + ( ∂f
∂xk
, . . . ,
∂f
∂xn
) · F∗(k[x1, . . . , xn]/(f)).
Indeed, gp = g · 1 ∈ F∗ (k[x1, . . . , xn]/(f))).
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It turns out that the second form of the above criterion can be (quite) efficiently
verified using Macaulay2. The source code is presented in §8.2.
Remark 7.2.8. The existence of Frobenius lifting depends on the choice of the W2(k)-
lifting.
Indeed, Frobenius liftability of any lifting of Spec(k[x1, . . . , xn]/(f)) would mean that
Pf+g
p belongs to (f, ( ∂f∂xk )
p, . . . , ( ∂f∂xn )
p) for any g and consequently (f, ( ∂f∂xk )
p, . . . , ( ∂f∂xn )
p)
contains all p-th powers. This is already not true for f = x31 + x
3
2 + x
3
3 in characteristic
p ≡ 1 (mod 3). In fact, a simple computation shows that
xp1 6∈ (x31 + x32 + x33, x2p1 , x2p2 , x2p3 ).
Alternatively, one can evoke the theory of Serre and Tate to see that the canonical
lifting of an ordinary elliptic curve is the only lifting of the curve to which the Frobenius
morphism lifts.
7.3 Non-liftability of ordinary double points in any dimen-
sion
This section is devoted to answering the question posed in [Bha14, Remark 3.14],
whether the ordinary double points, in particular cones over smooth projective quadrics,
admit a lift to W2(k) compatible with Frobenius in arbitrary dimensions. The negative
answer is given by:
Theorem 7.3.1 (Frobenius non-liftability of ordinary double points). Let n > 5 be
an integer and assume p > 3. Then the ordinary double points defined by the equation
f = x21 + . . . + x
2
n + Q for Q ∈ k[x1, . . . , xn]≥3 do not admit a W2(k)-lifting compatible
with Frobenius.
Proof. For the proof, we need the following lemma combined with the Proposition 6.1.1.
Lemma 7.3.2 ([Lan08, Proposition 3.1] and [Lan10]). Let k be a field of characteristic
p > 3 and 0 ≤ e < p be an integer. Then for any d ≤ N · p−12 − e we have(
(xp1, . . . , x
p
N ) : (
N∑
i=1
x2i )
e
)
d
=
(
xp1, . . . , x
p
N , (
N∑
i=1
x2i )
p−e
)
d
in k[x1, . . . , xN ].
By Corollary 7.2.6 we need to show that
Pf + g
p 6∈
(
f,
(
∂f
∂xk
)p
, . . . ,
(
∂f
∂xn
)p)
for any g ∈ k[x1, . . . , xn]. Clearly,
(
f,
(
∂f
∂xk
)p
, . . . ,
(
∂f
∂xn
)p) ⊆ (f, xp1, . . . , xpn) and there-
fore it suffices to prove that Pf 6∈ (f, xp1, . . . , xpn). Assume the contrary, that is, there
exists an h ∈ k[x1, . . . , xn] such that:
Pf = Px21+...+x2n + P
′ = h · (x21 + . . .+ x2n +Q) (mod xp1, . . . , xpn),
where P ′ is a polynomial in k[x1, . . . , xn]>2p. The ring k[x1, . . . , xn]/(x
p
1, . . . , x
p
n) admits
a grading (induced from the polynomial ring). We may assume that the lowest degree
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m of the polynomial h satisfies m ≥ 2p− 2. Indeed, if m < 2p− 2 then by comparison
of lowest degree terms and Lemma 7.3.2 for N = 5, e = 1 and d = m we see that
h[m] ∈
(
(xp1, . . . , x
p
n) : (
n∑
i=0
x2i )
)
m
=
(
xp1, . . . , x
p
N , (
N∑
i=1
x2i )
p−1
)
m
⊂ (xp1, . . . , xpn)m
and therefore h− h[m] is also an appropriate choice of h with the lowest degree at least
m+ 1. Consequently, by comparison of degree 2p terms we see that Px21+...+x2n belongs
to the ideal (x21 + . . .+x
2
n, x
p
1, . . . , x
p
n). This gives a contradiction with the consideration
after the relation (6.1) in the proof of Proposition 6.1.1. Namely fn (resp. Pfn) from
Proposition 6.1.1 is the representation of the polynomial x21 + . . .+x
2
n (resp. Px21+...+x2n)
after standard linear transformation. More precisely, we have the following:
f2j(x1 + ix2, x1 − ix2, x3 + ix4, x3 − ix4, . . . , x2j−1 + ix2j , x2j−1 − ix2j) = x21 + x22 + . . .+ x22j
f2j+1(x1 + ix2, x1 − ix2, x3 + ix4, x3 − ix4, . . . , x2j−1 + ix2j , x2j−1 − ix2j , x2j+1) = x21 + x22 + . . .+ x22j+1.
This answers the question asked in [Bha14, Remark 3.14] and in fact implies that
Theorem 5.3.11 based on Frobenius liftability cannot be applied for ordinary double
points. However, using alternative methods Bhatt proved that similar result also holds
for proper schemes with ordinary points.
7.4 Frobenius liftability of canonical singularities
In this section, we present two different approaches to proving that canonical singulari-
ties of surfaces are F -liftable. The first one is a direct computation using the criterion
given in Corollary 7.2.6. The second gives a slightly weaker result in the case of tame
quotient singularities and exploits the structure of the quotient together with functo-
riality of obstructions for lifting Frobenius morphism. We note that in characteristic
≥ 7 the canonical surface singularities over algebraically closed field are classified by the
dual graphs of the minimal resolution, which in turn correspond to Dynkin diagrams of
type A, D and E. Therefore, we shall use the terms canonical surface singularities and
ADE singularities interchangeably.
7.4.1 Direct computational approach
Firstly, we approach the F -liftability of ADE singularities by a direct computation.
By [Art77] under the assumption p ≥ 7 the ADE singularities are locally analytically
equivalent to the germs of the form described in Table 7.1
Table 7.1: Models of canonical singularities in char. p ≥ 7
Type Equation
smooth -
An−1 xn + y2 + z2 = 0
Dn+2 x
2 + y2z + zn+1 = 0
E6 x
2 + y3 + z4 = 0
E7 x
2 + y3 + yz3 = 0
E8 x
2 + y3 + z5 = 0
Equipped with this classification we can approach the proof of the following:
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Theorem 7.4.1. For any algebraically closed field k of characteristic p ≥ 7 any affine
scheme X with canonical surface singularities is Frobenius liftable.
Proof. Firstly, we observe that by Lemma 3.5.2 it suffices to prove that for any x ∈ X the
germ Spec(OX,x) is Frobenius liftable. By Artin’s approximation theorem (see [Art69,
Corollary 2.6]) and the analytical classification of canonical singularities there exists a
diagram of schemes:
(U, u)
e´tale
xx
e´tale
''
Spec(OX,x) Spec(OSADE,s),
where OSADE,s is the local ring at 0 of one of the affine models given in Table 7.1.
Therefore, by Lemma 3.5.1 and Lemma 3.5.2, to prove Frobenius liftability of Spec(OX,x)
it suffices to show that the affine models given in Table 7.1 are F -liftable.
The case of An−1 singularities simply follows from Example 5.1.8 as An−1 singular-
ities are toric. Consequently, we treat the case of Dn+2 singularities. The affine model
of Dn+2 is given by the equation x
2 + y2z + zn+1 = 0 and therefore by Corollary 7.2.6
we are left to show that:
∑
i+j+k=p
i,j,k 6=p
(
p
i,j,k
)
p
x2i(y2z)jz(n+1)k ∈ (x2 + y2z + zn+1, xp, ypzp, y2p + (n+ 1)pznp).
By substituting u = x2 = −y2z − zn+1 we see that it suffices to prove that:
∑
i+j+k=p
i,j,k 6=p
(
p
i,j,k
)
p
(−1)i(y2z+zn+1)i(y2z)jz(n+1)k ∈ ((y2z+zn+1)dp/2e, ypzp, y2p+(n+1)pznp).
The left hand side of the above relation is a sum of elements of the form (y2z)a·z(n+1)b
for a+ b = p so it is enough to show that:
(y2z)az(n+1)b ∈ ((y2z + zn+1)dp/2e, ypzp, y2p + (n+ 1)pznp),
for any a+ b = p. The claim is clear for every a ≥ dp/2e. Let us therefore assume that
for some a ≤ bp/2c we have
(y2z)az(n+1)(p−a) 6∈ ((y2z + zn+1)dp/2e, ypzp, y2p + (n+ 1)pznp).
Let us consider maximal such a. As p− a ≥ dp/2e we can write
(y2z)a · z(n+1)(p−a) = (y2z)az(n+1)dp/2ez(n+1)(p−a−dp/2e)
= (y2z)az(n+1)(p−a−dp/2e) ·
∑
1≤i≤p
(dp/2e
i
)
(y2z)iz(n+1)(dp/2e−i)
=
∑
1≤i≤p
(dp/2e
i
)
(y2z)a+iz(n+1)(p−a−i).
This gives a contradiction with the definition of a.
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We now proceed to the case of E7. We shall prove that∑
i+j+k=p
i,j,k 6=p
(
p
i,j,k
)
p
x2iy3j(yz3)k ∈ (x2 + y3 + yz3, xp, 3y2p + z3p, ypz2p).
By the same trick, it suffices to prove that for any a+ b = p we have
(yz3)ay3b ∈ ((y3 + yz3)dp/2e, 3y2p + z3p, ypz2p),
which follows by similar arguments.
We finish with case of E2m singularities given by the affine equation x
2 + y3 + zm+1
for m = 3, 4. By Corollary 7.2.6 to prove the existence of W2(k)-lifting compatible with
the Frobenius morphism it suffices to prove that
∑
i+j+k=p
i,j,k 6=p
(
p
i,j,k
)
p
x2iy3jz(m+1)k ∈ (x2 + y3 + zm+1, xp, y2p, zmp).
After substituting u = x2, v = y3, w = zm+1 and s = u+ v+w it suffices to show that:
∑
i+j+k=p
i,j,k 6=p
(
p
i,j,k
)
p
uivj(s−u−v)k ∈ (s, udp/2e, vd2p/3e, (s−u−v)d mpm+1 e) = (s, udp/2e, vd2p/3e, (u+v)d mpm+1 e).
For this purpose, we prove that any monomial uivj ∈ k[u, v] for i + j = p appearing
on the left hand side belongs to (udp/2e, ud2p/3e, (u+ v)d
mp
m+1
e). This is equivalent to the
surjectivity of the linear mapping defined by:
k[u, v]bp/2c × k[u, v]bp/3c × k[u, v]b p
m+1
c → k[u, v]p
(f, g, h) 7→ f · udp/2e + g · ud2p/3e + h · (u+ v)dmp/(m+1)e.
After writing this in the basis given by monomials ukvj ordered lexicographically, to show
surjectivity it is sufficient to show that the determinant of the matrix
[(dmp/(m+1)e
s+i−j
)]
1≤i,j≤n
,
for n = p−1−bp/2c−bp/3c is non-zero. Using [Kra05, Formula (2.1)], the determinant
is equal to:
det
[( d mpm+1e
s+ i− j
)]
i,j≤n
=
n∏
i=1
(d mpm+1e+ i− 1)!(i− 1)!
(s+ i− 1)!(d mpm+1e − s+ i− 1)!
,
and therefore we are done by the inequality d mpm+1e+ n− 1 < p.
7.5 Quotient singularity approach
Here, we approach the F -liftability of canonical singularities of surfaces using a different
method based on functoriality of obstructions. We begin with a general result concerning
F -liftability of quotients of smooth schemes by finite groups, for which the action can be
lifted to characteristic 0 (in fact, lifting mod p2 would be sufficient). Subsequently, we
investigate to which extent our method can be applied in the case of canonical surfaces
singularities. Our analysis is based on the results of [LS14, Section 4] describing whether
ADE singularities admit a structure of a quotient singularity.
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7.5.1 Actions of finite groups
We precede our actual considerations by a few essential and standard remarks concerning
base change for invariants of actions of finite groups. The proofs are based on the
existence of so–called Reynolds operator.
Lemma 7.5.1. Let G be a finite group and let R be a commutative ring such that |G|
is invertible in R. Then, any R[G]-module M projective as an R-module is projective as
an R[G]–module.
Proof. In order to prove that M is projective we need show that for any diagram of
R[G]–modules:
M
f

P
p // N // 0
there exists an R[G]–linear homomorphism s : M → P such that f = p ◦ s. By the
assumptions we obtain an R–linear homomorphism σ : M → P such that f = p ◦ α.
Consequently, by a direct computation we obtain that a homomorphism defined by the
formula (i.e., the Reynolds operator):
s(m) =
1
|G|
∑
g∈G
gσ(g−1m)
is R[G]–linear and satisfies f = p ◦ s.
We now apply the above result to prove:
Lemma 7.5.2. Let G be a finite group and let R be a commutative ring such that |G|
is invertible in R. Let M be a projective R–module together with an action of G. Then,
for any homomorphism R → S the natural mapping MG ⊗R S → (M ⊗R S)G is an
isomorphism.
Proof. Firstly, by Lemma 7.5.1 we observe that M is a projective R[G]–module. There-
fore, there exists an R[G]–module N such that M ⊕N ' R[G]I for some set of indices
I. Consequently, we obtain the following diagram:
(M ⊕N)G ⊗R S
'

' //MG ⊗R S ⊕NG ⊗R S

(R[G]I)G ⊗R S // (M ⊗R S)G ⊕ (N ⊗R S)G ' (R[G]⊗R S)G,
which reduces our claim to the case of free modules. We finish by the following simple
sequence of identifications:
(R[G]I)G ⊗R S → RI ⊗R S → SI → (S[G]I)G → (R[G]I ⊗R S)G.
As a corollary we obtain:
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Corollary 7.5.3. Let G be a finite group and let R be a ring such that |G| is invertible
in R. Then, for every G–action over Spec(R) on AnSpec(R) the quotient A
n
Spec(R)/G is
flat over R. Moreover, for every ring homorphism R→ S the natural map:
AnSpec(S)/G→
(
AnSpec(R)/G
)
×Spec(R) Spec(S).
is an isomorphism.
Proof. Using the same idea as in Lemma 7.5.1 we prove that the ring of invariants
R[x1, .., xn]
G is a direct sum of a flatR-moduleR[x1, . . . , xn]. This implies that AnSpec(R)/G =
Spec(R[x1, .., xn]
G) is flat over R. The base change property is a direct consequence of
Lemma 7.5.2.
7.5.2 Frobenius liftability of quotient singularities
We are now ready to approach the following result concerning F -liftability of quotient
singularities.
Lemma 7.5.4 (Frobenius liftability of mod p reductions of quotients). Let G be a
finite group and let T be a spectrum of a finitely generated Z-algebra which is e´tale over
Spec(Z[1/|G|]). Suppose, G acts on AnT relatively to T . Then, for every perfect field k
and every k-point t ∈ T (k) the scheme Ant /G ' (AnT /G)t is W2(k)-liftable compatibly
with the Frobenius morphism.
Proof. Let t ∈ T (k) be k-point of T . By the formal lifting property of the e´tale map
T → Spec(Z), any point t ∈ T (k) can be lifted to a point t˜ ∈ T (W2(k)). Consequently,
by the flatness of AnT /G→ T (see Corollary 7.5.3) we obtain a W2(k)-lifting (AnT /G)t˜ of
(AnT /G)t fitting into a commutative diagram with cartesian squares:
Ant //

pit
((
An
t˜

pit˜
''
(AnT /G)t ' Ant /G
vv
// (AnT /G)t˜
ww
Spec(k) // Spec(W2(k)).
By Corollary 7.5.3 the scheme (AnT /G)t is isomorphic to Ant /G and pit is a quotient
map Ant → Ant /G. Hence by the assumptions on T the degree deg(pit) (equal to the
length of a generic orbit) is coprime to the characteristic of k and therefore there exists
a splitting operator of pi#t , which consequently allows us to apply Lemma 3.7.2 (for
the upper square with mappings pit and piW2(k)) to obtain our claim. More precisely,
the Frobenius lifting of AnW2(k) descends to (A
n
T /G)W2(k), which is a W2(k)-lifting of
(AnT /G)W2(k).
In order to apply Lemma 7.5.4 to the case of canonical singularities of surfaces we
need some results from [LS14]. First, let us recall the definition:
Definition 7.5.5. A scheme over a field k has linearly reductive quotient singularities
(resp. tame quotient singularities) if it is e´tale equivalent to a quotient of a smooth
k-scheme by a finite linearly reductive group scheme (resp. finite e´tale group scheme of
order prime to the characteristic of k).
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It is proven in [LS14, Prop. 4.2] that except for a few characteristics all ADE
singularities fit into the above definition. Moreover, from the proof we can infer the
following result concerning characteristic 0 liftability of group actions leading to ADE
singularities:
Proposition 7.5.6. For any singularity type τ ∈ {An−1, Dn+2, E6, E7, E8} there exists
a finite flat generically e´tale group scheme Λτ/Spec(Z) such that for every field k the
type τ singularity over k arises as the quotient A2k/Λk. The group scheme Λ is e´tale
precisely over an open subset of Spec(Z) where the corresponding group scheme quotient
is tame (in the sense of the above definition).
Example 7.5.7. For example An−1 singularity over a field k of arbitrary characteristic
arises as the quotient of A2k/Λk by the natural action of the group scheme µn,k ' Λk =
Λ×Spec(Z) Spec(k) for Λ = µn,Z. In this case, the scheme Λ/Z is e´tale over Spec(Z[1/n]).
Finally, the details of the behaviour of canonical surface singularities with respect
to characteristic of the field k can be summarised by the following table from [LS14,
Section 4].
Table 7.2: Classification of canonical singularities of surfaces
Linearly reductive quotient singularity Tame quotient singularity
An−1 every p p 6 |n
Dn+2 p ≥ 3 p ≥ 3, p 6 |n
E6 p ≥ 5 p ≥ 5
E7 p ≥ 5 p ≥ 5
E8 p ≥ 7 p ≥ 7
Note that the last column indicates the open subset where the respective group
scheme Λ is e´tale. We are now ready to give an alternative proof of F -liftability of
canonical singularities of surfaces in the case they are tame quotient singularities.
Theorem 7.5.8 (Tame version of Theorem 7.4.1). Suppose X is an affine surface over
an algebraically closed field k such that its singularities are tame quotient canonical
surface singularities. Then, X is Frobenius liftable.
Proof. Again by Lemma 3.5.1 and Lemma 3.5.2 it suffices to address the case of tame
quotients. By Proposition 7.5.6 and the tameness assumption there exists an open subset
U = Spec(Z[1/N ]) ⊂ Spec(Z) and an e´tale group scheme Λ/U of rank coprime to N
such that X ' A2u/Λu for a certain point u ∈ U(k). Every finite e´tale group scheme is
e´tale locally constant and therefore there exists an e´tale morphism T → U such that
ΛT
def
= Λ ×U T is isomorphic to a constant group scheme associated to a finite group
G. As k is algebraically closed, the point u ∈ U(k) lifts to t ∈ T (k). By Lemma 7.5.4
applied for G acting on A2T the fibre A2u/Λu ' A2t /G ' (A2T /G)t is F -liftable. This
finishes the proof.
Example 7.5.9. A Dn+2 singularity arises as the quotient of A2k by the action of the
binary dihedral group scheme BDn of rank 4n induced by the natural operation of the
matrices: [
ξ2n 0
0 ξ−12n
]
and
[
0 −1
1 0
]
,
where ξ2n denotes the 2n-th primitive root of unity. This means that the model of Dn+2
is tame over Spec(Z[1/2n]) and the associated e´tale group scheme is trivialized by the
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covering induced by Z→ Z[1/2n][ξ2n]. For more details, the reader is referred to [LS14,
Section 4].
7.6 W2(k)-liftability and F -liftability compared to standard
F -singularities
The following section contains the comparison of the classical F -singularity types, i.e., F -
regularity, F -purity and F -rationality with the notions ofW2(k)-liftability and Frobenius
liftability.
We are now ready to describe our results. They can be summarized by the follow-
ing diagram indicating possible implications and referring to counterexamples in case
they do not hold. The existence of counterexamples is denoted by a strike-through ar-
row. Moreover, the implication F -liftable ⇒ F -pure holds under special assumptions
described in the comments below the corresponding arrow.
F -liftable F -regular F -rational
F -pure W2(k)-liftable.
\Ex. 7.6.3
\Ex. 7.6.3
yes : normal k-algebra - Thm 7.6.1
no : non-normal - Ex. 7.6.2
\
Thm 7.3.1 \
Ex. 7.6.4\Thm 7.3.1
Thm 6.3.5
Firstly, we show that an F -liftable normal scheme over k is Frobenius split.
Theorem 7.6.1. Let X/k be normal scheme locally of finite type over a perfect field k,
such that there exists a lifting X˜/W2(k) together with a lifting F˜ of Frobenius morphism
F . Then, X is canonically Frobenius split.
Proof. The following is a simple extension of a proof given in [MS87] covering the smooth
case. Let n be the dimension of X and let U be the smooth locus of X. In case of smooth
schemes liftability of Frobenius is equivalent to the existence of a splitting ξ : Ω1U → Z1U
of the Cartier mapping C (see [MS87]). After taking the n-th exterior power of ξ, we
obtain a mapping ∧nξ : ΩnU → ZnU ' F∗ΩnU which splits the sequence:
0 // BnU
// ZnU ' F∗ΩnU // ΩnU // 0,
dual to the sequence
0 // OU // F∗OU // B1U // 0,
by applying HomOU (−,ΩnU ). Therefore, U is Frobenius split. By normality of X, we
know that for any reflexive sheaf, in particular Hom sheaves, one may extend sections
along codimension 2 subsets, and therefore the splitting extends to a splitting of X.
We shall now present an example which violates the hypothesis of Theorem 7.6.1 in
case of non-normal schemes.
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Example 7.6.2. The scheme {x1x2(x1 + x2) = 0} ⊂ A2k is Frobenius liftable but not
F -pure.
Proof. To prove F -purity we apply Fedder’s criterion given in Lemma 4.5.7 and a fact
that:
(x1x2(x1 + x2))
p−1 ∈ (xp1, xp2).
Frobenius liftability follows by observing that the canonical lifting of Frobenius of
W2[x1, x2] given by xi 7→ xpi preserves the ideal x1x2(x1 + x2).
Example 7.6.3. The cone C = {x3 + y3 + z3 = 0} ⊂ A3k over the Fermat cubic in
characteristic p ≡ 1 (mod 3) is F -liftable but neither strongly F -regular nor F -rational.
Proof. Firstly, F -liftability follows from Corollary 7.2.6 by a direct computation. We
verify that C is strongly F -regularity by means of Lemma 4.5.7. Indeed, we observe
that for any s ∈ m = (x1, x2, x3) we have sfpe−1 ∈ (x1, x2, x3)[pe] and consequently the
cone is not strongly F -regular at m. Finally, the proof of the fact that the cone C is not
F -rational is contained in [TW15, Example 2.6].
Example 7.6.4. There exists an F -rational scheme which is not W2(k)-liftable.
Proof. Let X be a smooth scheme embedded into Pnk which is not W2(k)-liftable (e.g.,
a smooth non-liftable surface from [Ray78]). By [LS14, Theorem 2.3] we see that Y
def
=
BlX(Pnk) does not lift to W2(k), either. We claim that a cone over sufficiently ample
projective embedding of Y satisfies our requirements, i.e., is F -rational and does not lift
to W2(k).
Indeed, using [CR11] and the Leray spectral sequence we see that H i(Y,OY ) = 0
for i > 0, and therefore we may apply Proposition 2.5.2 and Proposition 3.6.19 to ob-
tain a projective embedding Y ⊂ PN such that the cohomology groups H i(Y,OY (k))
vanish for i > 0 and k > 0, the cone CY
def
= ConeY,PN is Cohen-Macaulay and does
not lift to W2(k). Consequently, in order to apply Lemma 4.5.21 (which might re-
quire additional Veronese embedding) we are left to show that the positive degree part
[Hn+1m (CY ,OCY )]≥0 of the graded module Hn+1m (CY ,OCY ) is zero. This follows from
the identification [Hn+1m (CY ,OCY )]k = Hn(Y,OY (k)) = 0 given in Proposition 2.5.2
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Appendix A
In the appendix, we present the source code and comment on our Macaulay2 scripts for
checking W2(k) and Frobenius liftability. The current versions of scripts are available
at http://www.mimuw.edu.pl/~mez/Macaulay2.
8.1 Checking mod p2 liftability
The following code directly computes the obstruction class described in [Har10, Theorem
10.1].
checkExistence=method(TypicalValue=>Matrix ,Options=>{ SourceRing=>null})
checkExistence := F -> (
S = ring F; p = char S;
if p == 0 then error "Witt vector liftability makes sense only in char p>0";
R = ZZ[gens S]; B = S/image(F);
liftF = sub(F,R); -- we lift to ZZ[gens S]
Q = gens ker F;
stdio << "Source and target: " << source Q <<" " << target Q << endl;
liftQ = sub(Q,R);
I = liftF*liftQ;
val = sub(sub(matrix {{1/ p_R}}* promote(I,frac(R)),R),S); -- we divide by p
val ’ = sub(transpose(val),B); -- ’ means reduced to B
Q’ = sub(transpose(Q),B);
result = (image(val ’) + image(Q’) == image(Q’));
use S;
result
)
p = 5
S = ZZ/p[x_1..x_6]
F = matrix{apply(gens S,f -> f^p)} | matrix {{x_1*x_2 + x_3*x_4 + x_5*x_6}}
print F;
time (flag = checkExistence(F));
print flag
8.2 Checking Frobenius liftability
In this script, using the idea expressed in Remark 7.2.7, we check whether a hypersurface
ring is Frobenius liftable.
load(" PushForward.m2")
p := 11
S := ZZ/p[x,y,z]
lF := x^2 + y^3 + z^7 + x*y*z
S’ := ZZ[gens S]
99
liftF = sub(lF,S’) -- we lift to ZZ[gens S]
liftFp = sub(lF^p,S’) -- lift of p-th power
liftdP = (liftFp - liftF^p)//p
stdio << endl << "Char = " << p << endl << "Polynomial: " << lF << endl
-- SIMPLE
dPP = sub(liftdP ,S)
I = ideal(matrix{apply(flatten(entries(jacobian(matrix {{lF}}))) ,u -> u^p)} | matrix {{lF}})
stdio << I << endl;
stdio << "Is Frobenius -liftable? [SIMPLE ]: " << isSubset(ideal(dPP),I) << endl
-- COMPLEX
R := S/ideal(lF)
use R
dP = sub(liftdP ,R)
Frob := map(R,R,matrix{apply(gens R,u -> u^p)})
(M,G,transform) := pushFwd(Frob)
lI := jacobian(matrix {{lF}})
I := ideal(sub(lI,R))
Pf := map(M,R^1, transform(dP))
Unit := map(M,R^1,transform (1))
flag := isSubset(image Pf ,(image Unit) + I*M)
stdio << "Is Frobenius -liftable? [COMPLEX ]: " << flag << endl
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